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UNIT : 1 

PRODUCT OF VECTORS  AND  

VECTOR DIFFERENTIATION
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UNIT- 1 

BLOCK INTRODUCTION 

  

 In previous courses students have already been studied the concepts of 

dot and cross product of two vectors. In the present block initially a brief review 

of basic concepts and some useful formulae are given to recall the matter. In the 

second phase of this block we introduce  the concepts of product of three and 

four vectors in a simple manner followed by illustrated examples. 

 Object :- At the end of this  block the reader would be able to understand 

the said concept. 
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UNIT : 1 

Unit-I : Product of Three & Four Vectors And Vector Differentiation 

 

 STRUCTURE 

1.0  Introduction 
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1.2  Scalar Triple Product 

1.3  Vector Triple Product 

1.4  Scalar Product of Four Vectors 

1.5  Vector Product of Four Vectors 

1.6  Reciprocal System of Vectors 

1.7  Vector Differentiation 

1.8  Gradient, Divergence & Curl 
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1.0  Introduction  

 

 In Physics and Geometry we generally deal with the different physical 

quantities e.g. length, mass, volume, density, weight, velocity, force etc. 

According to the basic properties of these quantities, they are classified into two 

types viz. scalar and vector quantities. 

 Physical quantities which have only magnitude but have no definite 

direction are defined as scalars while those having both magnitude and direction 

defined as vectors. 

 

1.1 Brief Review  

 We know : 

(1)  

ba . = cosab , a scalar quantity . 

(2)  


 ba = sinab . n̂ , a vector quantity where n̂  is a unit vector   to the 

plane of vectors 

a   and  


b  . 

(3)  If  |

a | = 1 ,then 


a   is called unit vector. 

(4)  


 abba ...  i.e. dot product is commutative 

(5)  


 cabacbb ..).(  

(6)  1  k.k  j.j  .ii 


 

(7) 0  i.k  k.j  j.i 


 

(8)  Two vectors are said to be mutually perpendicular if 

ba . = 0 

(9)  Two vectors are said to be parallel or collinear if 

a  =


b  where  is a 

scalar. 

(10)  If 


 ba = 0 then vectors 

a  and 


b  are parallel. Also 


a  × 


a  = 0  

 i.e. [every vector is parallel to itself] 
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(11)  0  k  k  j  j  i  i 


  

(12)  j  i  k ,i k  j ,k  j  i


  

(13)  


 ba ≠ 

b  × 


a  but 


b  × 


a = – (



 ba ) 

(14)  


 cabacba )(  

(15)  If  


a  =  ka ja  ia 321


 and 



b = b1i +b2j +b3k then 


a . 


b = a1b1 +a2b2+a3b3 

and  

 

321

321

bbb

aaa

kji

ba 


 

 

1.2  SCALAR TRIPLE PRODUCT: The product of two vectors one of 

which is itself the vector product of two vectors is a scalar quantity called 

scalar triple product. In short if c , b,a


are three vectors,  then )c  b( .a


 is called 

scalar triple product. Symbolically, it is denoted by [abc] 

THINGS TO REMEMBER 

NOTE-1  cba


).(  is meaningless since ( ba. ) is not a vector quantity. 

NOTE-2   a . ) c  b (  )c  b( .a


    

NOTE-3    c ).b  a(  )c  b( .a


   

NOTE-4   Volume with coterminous edges 


cba ,, of a parallelopiped 

[abc]   ) c  b .(a 


 

NOTE-5   Scalar triple product of vectors 


cba ,, also represent as [abc] 

=[bca] = [cab]   

NOTE-6   [abc] = –[bac] = – [acb]  i.e. sign is changed provided the cycle 

order be changed  .  

NOTE-7     1  i.i  )kj.(i [ijk] 

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NOTE-8  Three vectors  


cba ,,  are said to be coplanar if  [


cba ,, ] = 0 . 

NOTE-9   Determinant form of scalar triple product of vector 

 ka+ja+ia 321






a ,   kb+jb+ib 321






b and  kc+jc+ic 321






c is given 

by               

   

321

321

321

abc

ccc

bbb

aaa

  

NOTE-10   Scalar triple product [abc] = 0 when two of them are equal i.e.  [aac] 

=[abb] = [aba]  etc. =0 

 

SOLVED EXAMPLES 

 

EX.1   If  k3+j+i2





a ,   k+j2+i





b  and  k2+j+i3





c , find  cba


.  

Sol.  Here  

   kji

kji

cb


753

213

121   

 

therefore  cba


.  =  (2i+j+3k ) .( 3i+5j-7k )  

   = )7.(35.13.2      0. ji  etc. 

        =  6+5-21     222 1 kji   

   = –10.       Ans. 

 

Alternative method :  
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 )( cba


  = 

213

121

312

  

   = 2(4 – 1) – 1 (–2–3) + 3(–)–6) 

   = 6 + 5 – 21 

   = –10       Ans.  

 

Ex.2  Show that the vectors kjia


 3 , kjib


 2  and c


= kj


37  are 

parallel to the same plane. 

Sol.         044792731

370

112

131

abc  [See note 10]  

 so the vectors are coplanar i.e. parallel to the same plane . 

 

EX 3  Find the volume of a parallelopiped whose edges are represented by 

kjia


432  , b


= kji


 2  and c


= kji


23  . 

Sol.   The required volume  V= [ a


b


c


]                                              

         7728156614323142

213

121

432

. 







cba


 

 

EX 4.  Show that three points cbcandabacba 53432,32   are coplanar . 

Sol.    Let  A


 = cba 32  , B


 = cba 432  , C


 = cba 53   

 Then [ ).(][ CBACBA


  

             = ( cba 32  ) .[ ( cba 432  )x( cba 53  )] 

      = ( cba 32  ) .[ 6( ba )-10 ( ca )+3( ab )+15( )(12)(4) bcaccb  ] 

               = ( cba 32  ) . [ 3( ba )+6( ac )+3( cb )]      {see note 13(1.1)} 

               = ][9][18][9][6][12][6][3][6][3 cbcccacabbbcbcabababcacaaab   

               = ][9][12][3 cabbcaabc                                   {see note 10} 



9 

 

The vectors  CandBA


, are coplanar . 

 

EX 5. Prove that [ ][2],, abcaccbba   

Soln.   LHS.  =[ accbba  ,, ] 

                    = ( ba  ) . [ )()( accb   

                     = 0]).[(  ccacabcbba   

                    = ).().().().().().( acbabbcbbacaabacba   

                    = ][][][][][][ bcabbabbcacaabaabc   

                    = ][abc + ][bca                                   {note 10}  

                    = ][abc + ][abc  

                    = 2 ][abc                                         Hence Proved. 

 

CHECK YOUR PROGRESS : 

Q.1 If 2k-4j-2ib 4k,2j--2ia 


and  2k-2j-4ic 


then evaluate a.(bc) 

and interpret the result [Ans 0] 

Q. 2  Find the value of   so that the vectors  k3j2i , kji2


 and k5ji3


  

are coplanar. [Ans. -4] 

Q .3  Show that if c,b,a

are non coplanar than ac,cb,ba


 are also non 

coplanar. Is this true for  ac,cb,ba


 ? 

Q.4  If c,b,a

are non coplanar vectors then show that [axb bxc cxa] = [abc]

2
. 

Q. 5   Show that the four points d andc,b,a


 are coplanar if 

[bcd]+[cad]+[abd]=[abc]. 

 

1.3 VECTOR TRIPLE PRODUCT :  

 

Definition:-  The vector product of two vectors one of which is itself the vector 

product of two vectors is a vector quantity called vector triple product. In short 
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if c,b,a

are three vectors , then     cbaandcba


  are called vector triple 

product . 

THINGS TO REMEMBER : 

Note 1.      cbabcacba


..   

Way to remember :  cba


 = (outer . remote) adjacent – (outer . adjacent) 

remote  

Where  a=outer, b= adjacent , c= remote. 

Note 2.    cbaacb


 = - [(a.c)b-(a.b)c] = (b.a)c – (c.a)b 

 b)a.c( - c)a.b( = ]c)b.a(-b)c.a[( -


 

 

SOLVED EXAMPLES 

 

Ex. 1  Verify that  cbabcacba


).().()(  , given that 

 kj-2i  b  ,3k2ji  a 


and  5k-2j3i  c 


 

Soln .  Here   

 kii

kji

cb 7133

523

112 


therefore 

  kji

kji

cba 7225

7133

321 


    ...................(1) 

Now       8-  5k)-2j(3i . ) 3k2ji (  c.a 


 

similarly  3  ) kj-(2i . 3k)2j(i  b.a 


 

 5k)-2j3(3i - ) kj-(2i 8-  c )b.a(  b )c.a( 


  

            7k 2j 25i-                                              ………….(2) 

from (1) and (2) 

c )b.a( - b )c.a( = )c b(  a


                                  verified 
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Ex. 2  Prove that 0 = )b a(  c + )a c(  b + )c b( a


  

Soln.  LHS.  )b a(  c + )a c(  b + )c b(  a =


  

 

 b)a.c(  -a)b.c(  a)c.b(-  c)a.b(  c)a.b(-  b)c.a(


  

= 0                                           [since abba


..   etc.] 

 

 

Ex. 3  Prove that a2= )k a(  k + )j a(  j + )i a( i


  

Sol.    We know that   

 ia - a = i )a.i( - a )i.i( = )i a( i 1


   

 ] a  i .a then kajaiaa if also 1 i.i[ 1321


       .........…(1) 

 similarly    ja - a = )j a(  j 2


                          ……….(2) 

                      ka - a = )k a(  k 3


                        ……….(3) 

on adding (1 ),(2) & (3) we get  

                      . a2 a  a3 


  

 

Ex. 4 Prove that 2[abc] a]c cb ba[ 


 

Soln.   Let d = c b


  

          Then )ac( d  )ac(  )cb(


  

 =   a)c.d(- c)a.d(


            

         )]ac.c b[( - c)]a.c b[( =


  

 = c[bcc]-c[bca] =


 

 c[bca] =

                         0[bcc] since            .(2) 

 

Now [axb bxc cxa] )]a c(   )c b[( . )b a( =


  

                     c[bca] ).b a( =


  [by (2) ] 
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   c).b a([bca]  =


  

   = ][bca ][abc = ][abc
2
                      [ ][][[ abcbca  ] 

          Hence proved . 

 

1.4 SCALAR PRODUCT OF FOUR VECTORS :  

  

Definition:- Let  c ,b,a


and d


 are four vectors , then  )d c).(b a(


 is a scalar 

product of four vectors and in brief it is defined as  

         cbdadbca
dbcb

daca
dcba ....

..

..
. 


 

1.5 VECTOR PRODUCT OF FOUR VECTORS :  

  

Definition :- Let  c ,b,a


and d


 are four vectors , then )d c(  )b a(


  is a scalar 

product of four vectors and it defined in brief as  

 )d c(   )b a(


  = dabccabd ][][   = abcdbacd ][][    

way to remember : product = c [remaining] – d [remaining]. 

 

SOLVED EXAMPLES 

 

Ex.1   If  ji- c  ,k4-i3 b  ,k-j2i  a


 and k3j-i2  d


  then find  

(i)  )d c( . )b a(


 (ii) )d c(   )b a(


    

Soln  (i) kji

kji

ba





68

403

121 



     

Similarly  kji

kji

dc









 33

312

011                    
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now  15- = 6+3+24- = k)-3j + (3i . 6k)-j + (-8i = )d c( . )b a(


                      Ans. 

(ii)         )d c(   )b a(


 = [abd]c - [abc]d                                     

now   353344

312

403

121









abd  

and        9384

011

403

121









adc             

 k27- j26- i17  3k)j-(2i 9-  j)(-i 35-  )dc()ba(


          Ans. 

 

Ex. 2  If the vectors a ,b, c, d are coplanar then show that  0 = )d c(  )b a(


 . 

Solv.  We know that )b a(


  is a vector perpendicular to the plane of a and b . 

Similarly )d c(


  is perpendicular to the plane of c and d . 

coplanar  are  d, c , b,aBut 


 

 

Hence  )b a(


 and  )d c(


 are perpendicular to the same plane in which d, c , b,a


 

are coplanar. 

 

Therefore  )b a(


 and )d c(


  are parallel to each other. 

Hence  . 0= )d c(  )b a(


  

 

Ex. 3  Prove that  |ka|  |ja|  |ia|  2a 2222


 , where || a


= a. 

Solv.     iaiaia


 .|| 2  22 .
..

..
iaa

iiai

iaaa
    ...............(i)                      

similarly  222 .|| jaaia 


                ……….(ii)              

               222 .|| kaaka 


           ………….(iii) 

On adding (i), (ii), (iii) ,we get 
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                     2222
222

...3 kajaiaakajaia 


                                                  

     =  3a
2
 – a

2
 

                                                   = 2a
2
       Hence proved. 

 

1.6  RECIPROCAL SYSTEM OF VECTORS : 

Definition:- The three vectors a
'
, b

'
, c

'
 defined as   

/[abc] a c =b' /[abc] ,c b = a'


  and /[abc]b a= c'


 are called the reciprocal to the 

vectors  c ,b ,a


which are non-coplanar so that [abc]   0 .  

THINGS TO REMEMBER : 

Note1   1 = ][abc]/[abc = )/[abc]c b.(a = a.a'


 ,similarly bb. = 1, cc. = 1 

  Remark : Due to this property the word reciprocal has been used. 

Note 2  0 =] [aca]/[abc =)/[abc] a ca.( = a.b'


 , similarly a.c
' 
=0= b.c

' 
= b.a

'
 = 

c.a
'
=c.b

'
. 

Note 3  If a
'
, b

'
, c

'
 are three non-coplanar vectors then [abc] is reciprocal to 

[a
' 
b

' 
c

'
] where a

'
,b

'
,c

'
 are the reciprocal vectors .  

  Remark : ] 
[abc]

)b a(
,

[abc]

)a c(
,

[abc]

)c b(
[= ]c' b' [a'




 

                          } ]ba,ac,cb[ .{ 
[abc]

1
 

3


  

                              2
3

.
[abc]

1
abc                             {by Ex.3 ,1.3}  

                             
 abc

1
   therefore  [a

' 
b

' 
c

'
] [abc] = 1, as required. 

Note 4  The system of unit vectors i, j, k is its own reciprocal, because 

   i =i/1= /[ijk]k ji'


  

   1},= k] j [i & i = k j {since


 similarly jj '  and kk ' . 
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SOLVED EXAMPLES 

 

Ex.1 Find a set of vectors reciprocal to the set 

 .k2j2i- ,k2-j-i ,k-j3i2


  

Soln  Let  2k 2ji- c2k,-j-ib k,-3j2ia 


 

 We know that by the system of reciprocal vectors as 

/[abc] b a= c' and/[abc] ac =b' /[abc] ,c b = a'


  

Therefore    ki

kji

cb






 2

221

211  

similarly  kji

kji

ac


738

132

221 



   

and             kji

kji

ba


537

211

132 



  

also     314

221

211

132





abc   

so the required reciprocal vectors are   

 3/)537(',3/)738(',3/)2(' kjickjibkia  . 

 

Ex 2  Prove that 0 = )c' c( + )b' b( + )a' a( 


 

Solv.   We know that a
'
 = [abc] / )c b(


 , 

therefore [abc] /(a.b)c]  - [(a.c)b =[abc]  /)] c b(  a[ = )'a a(


       . ....……(i) 

 

similarly   [abc] /(b.c)a]  - [(b.a)c = )'b b(


                                 ……………(ii) 

 

and              [abc] /(c.a)b] -[(c.b)a = )'c c(


                         ……………(iii) 
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now on adding (i), (ii), (iii),we get  

                             0. = )'c c( + )'b b( + )'a a(


      hence proved. 

 

Ex 3 If [abc]  / b  a= c' and[abc]  / a c =b' [abc] , / c  b = a'


 , then prove that  

 ].c' b' [a' / )'b 'a ( =c ],c' b' )/[a''a  'c (=b ],c' b' )/[a''c 'b( = a


  

Solv. We have 2[abc] / )}ba(  )a c{(= c' b'


  

   [abc] / )}b a( d {= 2


                      [ where a c = d


 ] 

 = {(d.b)a - (d.a)b} / [abc]
2
  by the def. of vector triple product 

 = {[cab] a – [caa]b} / [abc]
2
  since d=c a 

 = [abc ]a / [abc]
2
   since [caa]=0 

 = a / [abc]                                         ………..(1) 

 now  [a
' 
b

' 
c

'
] )'c'b'.(a =


  

            [abc]} / {a . [abc]} / )c b{( =


 ,  from{1} 

                        2[abc] / ).ac b( =


  

 = [abc] / [abc]
2
  = 1 / [abc]          ……………..(2) 

 clearly from (1) & (2) we have  

    a =] c' b' )/[a''c 'b (


  

 similarly we can prove the other parts. 

 

CHECK YOUR PROGRESS : 

Q.1  Find the value of  )c b( a


 if the vectors are 

7k]3j-Ans.20i k.-3jic k,j-2ib 2k,-2jia 


 

Q.2  Verify that a  (b c) = (a.c)b-(a.b)c where 

 5k-2j3ic k,j-2ib 3k,2jia 


a. 

Q.3  Prove that  a  )b a( = )a b( a


 . 

Q.4  Show that 0 = k )j i( = )k j( i


 . 



17 

 

Q.5  Prove that 0. = )d c).(b a( +)d b).(a c(+ )d a).(c b(


  

Q.6  Prove that 2[bcd]a- = )c b()d a( +)b d(   )c a(+ )d c(  )b a(


 . 

Q.7  If a,b,c and a
'
,b

'
,c

'
 are the vectors of reciprocal system, prove that  

           (i) 3.  c.c' b.b'  a.a'   

      (ii)  0.  [abc] , [abc] / c)+b+(a = 'a 'c'+c 'b '+b 'a 


 

 

1.7  VECTOR DIFFERENTIATION :  

 

1.7.1  Vector Function :  

If  a variable vector a


depends on a scalar variable t in such a way that as t 

varies in some interval, the vector a


 also varies ,then a


 is called vector function 

of the scalar t and we write  a = a(t) or f(t). 

Ex  (1) f(t) =at
2
i+2atj+btk   (2) a(t) = cos ti+ sin tj+tan tk  

 

1.7.2 Differentiation of Vector Function with respect to a scalar :  

Let a be a vector function of a


 scalar t . Let a


  be the small increment in a 

corresponding to the small increment  t in t 

Then     )(tadttaa


  

or  ttadttata  /)}()({/ 


  

now as 0t the vector function 
t

a






tends to a limit which is denoted by 
dt

d


 

and is called the derivative of the vector function a w.r.t. t .  

 i.e.         
t

tatta

tdt

d







)()(

0

lim





  

 

1.7.3 Imp Formulae of  Differentiation :  

(1)    
dt

d
kak

dt

d



  , where k is constant . 



18 

 

(2)    
dt

bd

dt

ad
kba

dt

d


   

(3)    
dt

ad
b

dt

bd
aba

dt

d



...   

(4)    b
dt

ad

dt

bd
aba

dt

d 


  

(5)  If a be a


vector function of some scalar t and we have 

 ka  ja  ia zyx


a referred  to rectangular axes OX, OY, OZ then  

k
dt

da
j

dt

da
i

dt

da

dt

ad zyx


  

(6)  If a


is a constant vector, then 0
dt

ad


  

 

                                            

SOLVED EXAMPLES 

Ex.1 If  jnt) (sinint) (cos  a


 , where n is constant , then show that  

(i) kn. 
dt

ad 
 a




  

(ii) 0  
dt

ad
.a 




 

Soln.  Given  jnt  sini nt cos  a


                            ……………..(i) 

  j nt cos n i nt  sinn -  
dt

da 
             ……………..(ii) 

now   (i)   knntnntnk

ntnntn

ntnt

kji

dt

ad
a




.sincos

0cossin

0sincos 22 



  hence proved. 

(ii)  
dt

ad
.a




 = {(cos nt i + sin nt j)}.{ - n sin nt i + n cos nt j } 

                                  = - n cos nt .sin nt + n cos nt .sin nt  

                                  = 0                                                               Hence proved. 
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Ex.2   If k 1)(2t  j t- i t a 2


 then find 0,,,
2

2

2

2

tat
dt

ad

dt

ad

dt

ad

dt

ad


 

Soln. Given  k1)(2t  jt - it  a 2


  

therefore  k2  j - i2t  
dt

da 
                                          ………………(i) 

now        i2  k0j0-i2 
dt

ad
2

2 
                           …………………..(ii) 

also from (i) & (ii) 

    54414 22  tt
dt

da
                   ………………….(iii) 

 2)2( 2

2

2


dt

ad
                                               …………………(iv) 

Hence from (i) (ii) (iii) &(iv) at t=0 , we have  

 2and52,2
2

2

2

2


dt

ad

dt

da
i

dt

ad
kj

dt

ad 

.   Ans 

 

Ex.3   Show that  
2r

rdr
  rd  r




 ˆˆ , where rr.r ˆ


 

Soln.  Since 
r

r
r


ˆ                                                  ....……..(i) 

  





















dr
r

rrd
r

r
drrd

r
rd

2

11

11
ˆ





 

  







 dr

r

r
rd

r
rrdr

2

1
ˆˆˆ




 

  







 dr

r

r
rd

rr

r
2

1





 [by (i)] 

  
 

  dhenceproverrrdr
r

drrdr
r

rdr
r

]0[
1

)(
11

2

32











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Ex.4 If cosr  it + tasin  j + tana  t k, then find 22 // dtrddtdr  and  

  3322 /,/,/ dtrddtrddtdr  

Solv. Given   ,tansincos tkatjatiar   

Thereforedr / dt = katjatia tancossin                …………… (i) 

          ,sincos0sincos/ 22 tjatiaktjatiadtrd      ……………(ii) 

and    tjatiadtrd cossin/ 33             …………….(iii) 

now 

0sincos

tancossin)//( 22

tata

atata

kji

dtrddtdr



 



 
 

              

 kajtaita 222 tancostansin    

therefore  422422422 tancostansin// atatadtrddtdr    

              sectan 2424 aaa                           Ans 

 

0cossin

0sincos

tancossin

3

3

2

2

tata

tata

atata

dt

rd

dt

rd

dt

dr

















 

         =  tataa 2222 sincostan      = tan3a  Ans 

 

Ex.5  If a

 = a(t) has a constant magnitude, then show that  a


 .

dt
ad


= 0. 

Soln.  Given a

has a constant magnitude ,therefore |a|

2 
= aa


. = constant ……(i) 

On differentiating (i) both side  w.r.t. t , we get  

    
dt

aad ).(


= 0 

 a

. 

dt
ad


+ 
dt

ad


. a

 = 0 

 2 a

. 

dt
ad


= 0 

 a

. 

dt
ad


= 0 . 
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CHECK YOUR PROGRESS : 

Q.1 If   t, sinb  t cos a  r 


 then show that (i) 

   r -  dtrdiiba(  /dtrd  r 


 

Q.2 If  ntcosh b nt sinh  a r


 , where  b and a


are constant vectors, then show 

that  d
2
r/dt

2
 = n

2
 r. 

Q.3 If  tk,-j3)i-(2t  b and 1)k(2ttj   it  a 2 


then find 

 6] [Ans.      1at t ,)/dt b.ad( 


 

Q.4 Evaluate (i) d [abc]/dt     (ii)  d/dt [a, da/dt, d
2
a/dt

2
] 

Q.5 If r be the position vector of P. Find the velocity and acceleration of P at 

t=  /6 where jttir tansec  {Ans v = (2/3)i+(4/3)j , a= 2(5i+4j)/3√3} 

    [Hint: velocity=dr/dt, acceleration = d
2
r/dt

2
] 

 

1.8 Gradiant, Divergence & Curl : 

1.8.1 Partial Derivative of Vector :  

Let y)(x,F


be a vector function of independent variable x and y . Then partial 

derivatives of F


w.r.t. x and y are denoted by Fx and Fy  resp. & defined as  

xy)}/(x,F -y)] x,(xF{[ 0xLt.  x/F  xF 


 And 

 yy)}/(x,F -y)] y(x,F{[ 0yLt. y /F y F                        


  

Second order partial derivatives are denoted by 
2
F/ x

2
,  2F/ x y , 

2
F 

/ y
2.
 means 


2
F/ x

2
= ( F/ x)/ x,

2
F/ x y= ( F/ y)/ x,

2
F/ y

2
= ( F/ y)/  y. 

 

THINGS TO REMEMBER : 

Note 1 To find  Fx , differentiate F w.r.t. x (treating other variable y as 

constant). In the same way to find Fy treat x as constant. 

Note 2     x)/F( x)/F(  x)/FF(   


. 
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Note 3    x.)/F(k.  x)/F(k.   


 

Note 4     F . x)/F( x)/F(. F x)/FF(


 . 

Note 5     F  x)/F( x)/F(F x)/FF


  

Note 6   δ(axi+ayj+azk)/δt =  (δax/δt)i +(δay/δt)j +(δaz/δt)k. 

Note 7   In general vector r


 is taken as r


=xi+yj+zk. Then |r| 

=  ]zy[x 222  ,  |r|
2
 = x

2
+y

2
+z

2
 and  δr/δx = x/   ) z2y2(x2  = x/r 

etc.  

1.8.2 Partial Derivative of Vector:  

Operator   is generally called delta and in brief read as del and is defined by  

     =i  / x+j / y+ k / z  

1.8.3 The Gradient :  

The gradient of a scalar function F(x,y,z) written by grad F or F is defined by  

                 grad F= F= I  F/ x+j F/ y+ k F/ z  

 

1.8.4 The Divergence :  

let F(x,y,z) = F1i+F2j+F3k then divergence of F written as divF or .F  is 

defined by  

divF  .F = z /Fy/Fx/FFjFF( . z)/y/jx/ i(   


3  

 

THINGS TO REMEMBER : 

Note (1) Divergence of a vector F is a scalar quantity .  

Note (2) A vector F is solenoidal if divF =0. 

1.8.5The Curl :  

let F(x,y,z) = kFjFiF 321


 then the curl of F written as curlF or xF  is 

defined by curlF  xF = (i  / x+j / y+ k / z) x (F1i+F2j+F3k)  
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                                        = 

321 FFF

zyx

kji















 

                   =( F3/ y -  F2 / z)+ ( F1/ z -  F3 / x)+ ( F2 / x -   F1 / y )  

 

 THINGS  TO  REMEMBER : 

Note (1) curl F is also known as rotation of F and written as rot F .  

Note (2) curl F is a vector quantity.  

Note (3) A vector F is called ir-rotational if curlF =0. 

 

Aid to memory :  

Gradient -  G – general  product .Divergence- D means dot product , curl – C 

means cross product . 

 

                                            SOLVED EXAMPLES 

 

Ex.1 (a)  If F =x
3
+y

3
+z

3
-3xyz, find  F 

Solv. F = (i  / x+j / y+ k / z) (x
3
+y

3
+z

3
-3xyz,) 

  =   i   ( x
3
+y

3
+z

3
-3xyz)/  x  + j  ( x

3
+y

3
+ z

3
-3xyz)/  y  

   + k  ( x
3
+y

3
+z

3
-3xyz)/ z   

             = i(3x
2
 – 3yz)+j(3y

2
-3xz)+k(3z

2
-3xy)                         …….Ans.   

 

 Ex.1 (b)  If r


= xi+yj+zk , show that div r


 = 3. 

Soln . div r


 =   . r


 

                   =  (i  / x+j / y+ k / z).(xi+yj+zk) 

         = 1+1+1 = 3                                                                …….Ans.   

 

Ex.1 (c) f  kzxyjz2y-izx 2232


 ,then find div f and curl f at point (1,-1,1). 
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Soln.   div f = . f  = (i  / x+j / y+ k / z).( x
2
zi-2y

3
z

2
j+xy

2
zk) 

                     =   (x
2
z) / x –  (2y

3
z

2
)/ y+  (xy

2
z)/ z 

  = 2xz-6y
2
z

2
+xy

2



zxyjzyizxj   z/y/x/ i  

 div f at point (1,-1,1) is 

  = 2.1.1-6(-1)
2
.(1)

2
 +1.(-1)

2
 

  = 2-6+1 = -3                                                           ……….Ans 

     now curl f  = x f  

                         


zxyjzyizxz)/y/jx/i( 2                         

                        =     i             j            k 

                              / x   / y    / z 

                              x
2
z       -2y

3
z

2
   xy

2
z 

      

                     =  i [  (xy
2
z)/  y-   (-2y

3
z

2
)/  z] -  

                     j [  (xy
2
z)/  x -  (x

2
z)/  z]+k[  (-2y

3
z

2
)/  x-   (x

2
z)/ y] 

                   =  i[2xyz+4y
3
z] –j[y

2
z-x

2
] +k[0-0] 

                   =i[2xyz+4y
3
z] –j[y

2
z-x

2
] 

 now at point (1-1 1), curl f is  

                  = -6i+0 = -6i                                               …………Ans. 

 

Ex.1 (d) If 


r   = xi+yj+zk , show that curl r = 0. 

Soln.  curl 


r   =   


r  

                    = (i  / x+j / y+ k / z)x( xi+yj+zk) 

                        

                    = 

zyx

zyx

kji

 ///  

  =  i [ z/ y- y/ z] = i(0)+j(0)+k(0) =0  ….Hence proved. 
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Ex.2     Show that div (r
n
.


r )= (n+3) . r
n
 and   curl (r

n
. 


r )=0 where 


r  = |r|. 

Soln.  We know that 


r  = xi+yj+zk 

 div (r
n
. 


r )=. (r
n
. 


r ) 

 = .{r
n
. (xi+yj+zk)} 

 =   (r
n
.x)/  x+  (r

n
.y)/  y+  (r

n
.z)/  z         ……..(1) 

now 

                         (r
n
.x)/  x = r

n
 + x.nr

(n-1)
  r/ x                         [Art 1.8 , note 6] 

                                         = r
n
 + x.nr

(n-1)
 x/r 

                                         =  r
n
 + x

2
.nr

(n-2) 

similarly            

                            (r
n
.y)/  y =   r

n
 + y

2
.nr

(n-2)
                                                 

                              (r
n
.z)/  z =  r

n
 + z

2
.nr

(n-2)                                        
                

on substituting these values in (1), we get 

                   = 3 r
n
 +n(x

2
+y

2
+z

2
) r

(n-2)
 

                    =3 r
n
 +n(r

2
) r

(n-2)                    
         note (6) 

                     = (3+n) r
n 

   now                curl (r
n
. 


r ) = × (r
n
. 


r ) = ×{ (r
n
.xi+(r

n
.yj)+ (r

n
.zk)                   

                                        

                     =       

zryrxr

zyx

kji

nnn .

///   

                    = i [  (r
n
.z)/  y –   (r

n
y)/  z] 

                    = i[nr
n-1

.zδr/ y – nr
n-1

yδr/ z] 

                    =i[zy –yz] nr
n-2  

                               
=i(0).= 0                                                                            

 

Ex.3    Show that . (


r ×


a ) =0 ,where a is a constant vector. 



26 

 

Soln.    . (


r ×


a )  =(i  / x+j / y+ k / z) . (


r ×


a ) 

      = i .   (


r ×


a )/ x+ j.   (


r ×


a )/ y+ k .   (


r ×


a )/ z  

      = i .   (


r ×


a )/ x 

      = i .[(  r/ x)× a + r × ( a/ x)]      

      =  i . (i×a + r×0)            

    {since r=xi+yj+zk  r/ x= i & a being constant} 

      =  i . (i×a)  

      =  [i ia] =0                           [ Note 10 Art. 1.2] 

 

Ex.4  Prove that curl curl 


F  =0, where F =z


i  + x


j  + y


k  . 

Soln. We know that  curl 


F = × (z


i + x


j +y


k )   

 

                                            =          

yxz

zyx

kji

 ///  

                                            = i(1-0) + j(1-0)+k(1-0) 

                                             = kji


 ……………..(i) 

   now   

                            curl curl F = × ( kji


 )   

                          =     

111

/// zyx

kji

     = 0 hence proved  . 

 

Ex.5  Show that div grad r
m
 = m (m+1) r

(m-2)
 

Soln.  grad r
m  

=(i  / x+j / y+ k / z) r
m
  

                        =i  r
m
/ x+j r

m
/ y+ k r

m
/ z 
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                         = i(m r
m-1

  r/ x)+j( m r
m-1

 r/ y)+ k( m r
m-1

 r/ z) 

                        = m r
m-1

 [ i(x/r)+j(y/r)+k(z/r) ] 

                        = m r
m-2

(xi+yj+zk)                                  ………(i) 

now 

div grad r
m
 =  . grad r

m 

                   = (i  / x+j / y+ k / z) . [m r
m-2

(xi+yj+zk)] 

                   =  m   (r
m-2 

x)/  x  

                   =  m [ r
m-2

 +x.(m-2)r
m-3

.  r/ x] 

                    = m [ r
m-2

 +x
2
.(m-2)r

m-4
.] 

                    = m [3 r
m-2

 +(x
2
 +y

2
 +z

2
).(m-2)r

m-4
] 

                    = m [3r
m-2

 + r
2
 (m-2)r

m-4
]   

                     = m[3r
m-2

+(m-2)r
m-2

] = m[3+m-2]r
m-2 

                     = m(m+1)r
m-2

                                             ……………...proved 

 

Important Note: The operator 
2
 = . is called the Laplacian  operator and 

defined as  

                                  
2
 = . = 

2
/ x

2
+

2
/ y

2
+

2
/ z

2
 

 

Ex.6  Show that  
2 
f(r)= (2/r) f'(r)+f"(r). 

Soln.  
2 
f(r)= . {f(r)} 

                    = { 
2
/ x

2
+

2
/ y

2
+ 

2
/ z

2
 } f(r) 

                    =   
2
 [f(r)]/ x

2
 

now  

    (
2
/ x

2
 )[f(r)]=   [ f(r)/  x] / x 

                       = ( / x) [ f '(r).  r/ x] 

                       = ( / x) [f '(r) (x/r)] 

                       = { f '(r) (x/r)  r/ x + f '(r) [(1/r)-(x/r
2
)  r/ x]} 
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                       = { f ''(r) (x
2
/r

2
) + f '(r) [(1/r)-(x

2
/r

3
)]} 

                       = { f "(r) (x
2
/r

2
) + f '(r)/r- f '(r)(x

2
/r

3
) }                      …………(ii) 

on combining (i) &(ii) , we get  

               
2 
f(r)= { f " (r) (x

2
/r

2
) + f '(r)/r- f '(r)(x

2
/r

3
) }  

                        = f ''(r)/r
2
. (x

2
+y

2
+z

2
) +3 f '(r)/r –f '(r)/r

3
 .(x

2
+y

2
+z

2
)    

                        =  2

2

"
r

r

rf
. r

2
+3 f '(r)/r – 2

3

'
r

r

rf
  

                        = f "(r) + 3[f '(r)/r] – f '(r)/r  

                        =  f "(r) + 2[f '(r)/r]                      ……………….Hence proved. 

            

CHECK YOUR PROGRESS : 

Q.1 If  f= x
3
-y

3
+xz

2
, find grad f at (1,-1,2). 

Q.2 If   


r = xi+yj+zk then find .r
n
 . 

Q.3 Find ×F where F = y(x+z)


i  + z(x+y)


j  +x(z+y)


k . 

Q.4 Prove that curl grad   =0. 

Q.5 If  


a  is a constant vector then show that curl (


r  × 


a ) = -2


a . 

Q.6 Evaluate curl grad r
n
 .                                                       [Ans. 0] 

Q.7 Find the condition for which the function  = ax
2
+by

2
-cz

2
 is satisfy 

2
 =0. 

 

************ 
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 UNIT-2 

BLOCK INTRODUCTION 

 Integration is a reverse process of differentiation but not exactly. It is also 

an important concept in Mathematics as well as in the other field of studies.  

With the help of integration we can also find the area, surface area and volume 

of the given closed curve.  

The main features of this block are : 

 Integration of vectors under different conditions.  

 Integration along a line (curve), around closed (regular) curve.  

 Surface integration and volume integration. 

 Gauss, Greens & stokes theorems which are more useful in Physics. 



31 

 

UNIT - 2  

  VECTOR INTEGRATION 

 

 

STRUCTURE 

 

2.1  Integration of vectors 

2.2  Line, volume and surface integral 

2.3  Gauss divergence theorem  

2.4  Green’s theorem  

2.5  Stoke’s Theorem 
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2.1  INTEGATION OF VECTORS  

Let  ta  be a vector function and there exits a function  tf


 such that   ta
dt

fd
  

then  tf


 is defined as integral of  ta  and written as.  

   tfdtta         …….(i) 

If   kajaiata zyx


  and   kfjfiftf zyx


 then from the definition if 

dt

fd
a



  

then      tfdtkajaiadtta zyx 


 

= kfjfif zyx


     dtaf xx , etc.               ……………  

(ii) 

In general if  ta


= kajaia zyx


  then      dtakdtajdtaidtta zyx


. 

 

 IMPORTANT  RESULTS :  

(1)  We know that  
dt

bd
ab

dt

ad
ba

dt

d



...   

  cbadt
dt

bd
ab

dt

ad















...  

     where c is a  scalar quantity as the integrand is a scalar quantity.  

 

(2) We know that 

   b
dt

ad

dt

ba
aba

dt

d 


  

   







 cbadt

dt

bd
ab

dt

ad 




 

    Where c  is a integration constant and a vector quantity as integrand is a 

vector quantity. 
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(3)  We know that  

   
dt

ad
.aa

dt

d



2

2
  

 cadt
dt

ad
a 










22





  where c is a integration constant . 

 

Solved examples 

 

Ex.1   If      kttjttittf


322 332   then find that   
1

0

dttf


 

Soln.          

1

0

1

0

322 332 dtkttjtttidttf  

 =       
1

0

1

0

1

0

322 332 cdtttkdtttjtdti  

 = cttkt
t

j
t

i 

























1

0

43

1

0

2
3

1

0

2

4

3

32
 

 = 


























4

3
11

3

1

2

1
kji  

 = kji
4

7

3

2

2

1
        …………..Ans. 

 

Ex.2 If   ,5 32 ktjtitta


  show that kjidt
dt

ad
a




157514
2

1

2









  

Soln.  Given   ktjtita
 325   

 ktjit
dt

ad 
2310   

 and  kti
dt

ad 

610
2

2

  

 Now 

t

ttt

kji

dt

ad
a

6010

5 32

2

2









 

 =      tkttjti 100103006 332 

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 = ktjtit


10206 32   

      









2

1

2

1

32

2

2

10206 dtktjtitdt
dt

ad
a


 

 = 

2

1

2
2

1

4
2

1

3

2
10

4
20

3
6 


























 k

t
j

t
i

t 
 

 =       ktjtit
 2

1

22

1

42

1

3 552   

 = kji


157514          Proved.  

  

Ex.3 Evaluate  


2

1

22 )( dtkejtie tt


 

Soln.  


2

1

22 dtkejtie tt


 

 =  


2

1

2

1

22
2

1
dtekdttjdtei tt


 

 =  
2

1

4
2

1

3
2

1
23





















e
k

t
jei t


 

 =    
















  242

2

1

3

1

3

8
eekjeei


                                                      

 =    keejiee


 
2

1

3

7 242        ………Ans. 

 

Ex.4   Given  

   kji


22  , when 2t  

  ta


 

   kji


324  , when 3t   

 Then show that  






3

2
10. dt

dt

ad
a


 

Soln.   We know that   

 
dt

rd
rr

dt

d











 2

2

1
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     







 dt

dt

rd
rr



.

2

1 2        …………(i) 

 Now as per question and (i) we have  

  















3

2

3

2

2

2

1
adt

dt

ad
a




      ..................(ii) 

 =     2

2

3

2

2

1
  tt   a  a


 

  square or vector = square of its modulus  

 =               222222
212324

2

1
  

 =     4149416
2

1
  

 =  929
2

1
  

 = 10    Proved 

 

CHECK YOUR PROGRESS : 

Q.1 Evaluate -  dttkjeie tt

  
1

0

2  

Ans.     







  `

2

1
1

2

1
1 2 kjeje  

Q.2 Evaluate -  






2

1 2

2

. dt
dt

rd
r




 where   kttjittr 32 32 


 

Ans.  kji 69042   

Q.3 Find r


satisfying the equation.  

 ,
2

2

bta
dt

rd 


  a

 and b


 are constant vectors. 

Ans. 







 dctbtat .

2

1

6

1 23

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2.1 Line, Surface and Volume Integral 

 

2.2.1 Definition of Line Integral :   

 Let F (r) be a continuous vector function defined on a smooth curve C 

given by  tfr  . If S  denote the actual length of any point  zyxP ,,  from 

a fixed point on the curve, then 
ds

dr
 is a unit vector along the tangent to 

the curve at P .Then  

  







cc

drFords
ds

dr
F .. .      ..................(1) 

 

is called the tangent line integral of F  along curve C . 

 

THINGS TO REMEMBER: 

Note 1 :  Relation (1) may also be written as   







c

dt
dt

dr
F .  

Note 2 :  If the path of integration C is piecewise curve and joined end to 

end by finite number of curves nCCCC ...........321 ,, then (1) written as  

      
c c c c cn

drFdrFdrFdrFdrF
1 2 3

.............  

Note 3:  If the given curve is a closed curve then the line integral is 

symbolically written as  instead  of  .  

Note 4 :   We know that kzjyixr


  then dzkdyjdxidr


  

 

Solved Examples 

Ex.1 Evaluate c drF.  where jyixF


32   and the curve C  is the are of the 

parabola 2xy  in xy plane from  0,0  to  1,1 . 

Soln. Given curve is xdxdyxy 22     .....(1) 

  F = jxixjyix


32232 )(     
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 and 

 )2( xdxjdxidyjdxidr


  by (i) 

 Required line integral 

 c drF.  









1

0

62
1

0

)2).((.
x

x

x

x

jdxidxjxixdrF  

   =  
1

0

72 )2( dxxdxx  

   = 

1

0

3
3

8

2

3








 x

x
 

   = 
8

2

3

1
  

   = 
12

7

24

14

24

68



     Ans. 

Alternate Method: If we put x = t in the given  equation of curve 2xy   we 

get 2ty  . 

  jyixF


32   = jtit


322 )(  

         = jtit


62   

 and dr = idx + jdy = idt + j(2tdt)   

  [ since x = t  dx = dt and y = t
2
  dy = 2tdt] 

  Required line integers 

 c drF.  = 





1

0

62 ]2].[[
t

t

tjdtidtjtit  

   = 

1

0

8
3

4

1

3








 t

t
 

   = 
12

7

4

1

3

1









      Ans. 
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Ex. 2: If jx)-(3y + iy) +(2x  = F


then evaluate c drF.  where C is the curve in xy- 

plane consisting the straight line from (0,0) to (2,0) and then to (3,2) 

 

Sol. In the xy-plane 

 jyixr


  

  kzjdyidxrd


  

  x)dy-(3y +y)dx  +(2x  =F.dr        .....(i) 

 Now the equation of a straight line passing through two given point 

A(2,0) and B(3,2) is  

 )0( y = 42)2(
23

02





xyx  

 

 

 

 

 

 

 

  Path of integration C consist line OA and AB as shown in the figure. 

  Required line integral  

 c DrF.  =  


ABCOAC
drFdrF

21

..     .....(ii) 

 Now 
1

).(
C

drF =  
OA

dyxydxyx )3()2(  

   = 




2

0

2
x

x

xdx 

 [  Since on DA  from varies x & dyy 00   0 to 2] 

   =   4
2

0
2 





x

xx       .....(iii) 

 Now 
2

.
C

drF  =  
AB

dyxydxyx )3()2(  

B (3,2) 

A (2,0) 0 
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   = 





3

2

.2)42(3[]422[
x

x

dxxxdxxx  

 [Since on AB y = ]242 dxdyx   

   = 





3

2

)210()44(
x

x

dxyxdxx  

   = 





3

2

28014(
x

x

dxx  

   =   3

2
2 28)(7




x

xxx  

   = 7(9–4)–28(3–2) 

   = 35 – 28 = 7      .....(iv) 

 From (ii) (iii) and (iv) 

   
c

drF 1174.        Ans. 

Ex.3 Evaluate c drF.  where xyjiyxF 2)( 22   curve C is the rectangle in xy-

plane bounded by y = 0, x = a, y = b, x = 0 

Sol. In the xy plane we have  

 jdyidxdryjxir   

  F.dr = )2( 32 xydydxyx    .....(i) 

 

Clearly the path of integration C consists four straight line OA, AB, BC and CO 

as shown in the diagram. 

  Required line integral 

 c drF.  =  
COBCABOA

FdrFdrdrFdrF ..  .....(ii) 
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 Clearly on OA 00  dyy  and x varies from 0 to a. 

 On AB 0 dxax  and y varies from 0 to b. 

 On BC 0 dyby  and x varies from a to 0 

 and on CO 00  dxx  and y varies from b to 0 

  OA
drF.  =  

OA
xydydxyx 2)( 22  

  =  




ax

x

dxx
0

2   as y = 0 & dy = 0 

  = 
33

3

0

3 ax
a









    ....(iii) 

 






by

y
AB

aydydrF
0

2.    [ x = a & dx = 0] 

  = 2

0

2

2
2 ab

y
a

b









    ....(iv) 

 BC
drF.  = 






0

22 )(
x

ax

dxbx  

   = 

0

2
3

3
a

xb
x









   [ y = b & dy = 0] 

   = 2
3

3
ab

a



 

 and Co
drF. = 





0

0

y

ay

dy  = 0     .....(vi) 

 On putting the values from (iii) (iv) (v) and (vi) in (ii), we get required 

result i.e. 

 c drF.  = 0
33

2
3

2
3

 ab
a

ab
a

 

   = –2ab
2
      Ans. 
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Ex.4 Evaluation c drF.  where zxkyzjxyiF   and C is ktjttir 32  , t 

varying from –1 to +1. 

Soln. We know that kzjyixr


  

  Parametric equation of given curve C is 

          x= t, y = t
2
, z = t

3
 and so we have 

 F = zxkyzjxyi   

  = ktjtttktjttitt 45033322 1.))(())((    .....(i) 

 and 
dt

dr
= ktjti


232         .....(ii)  

 ktjttir 32  ] 

 Now required line integral 

 c drF.  = 




1

1

).(
t

t

dt
dt

dr
F  

   = 





1

1

663 )32(
t

t

dtttt  [by (i) and (ii)] 

   = 



1

1

62 )5( dttt  

   = 

1

1

7
4

7

5

4










 t

t
 

   = 


















7

5

4

1

7

5

4

1
 

   = 
7

10
        Ans. 

 

Ex. 5: Evaluate c drF.  where 

 F = kxzyzjiyx 22 2014)63(   

 along the curve 32 ,, tztytx   from point (0,0,0) to (1,1,1) 
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Sol. Here r = ktjtti 32   

 
dt

dr
  = kttji 232        ....(i) 

 also 

 F = ktjtitt 7522 2014)63(   

  = ktjtit 752 20149       ....(ii) 

  F.dr = )60289( 962 ttt   

 So the required line integral is 

 c drF.  = C dt
dt

dr
F ).(  

   = 





1

0

962 )60289(
t

t

dtttt  

   =  101072 643 ttt   

   = 3 – 4 + 6 = 5     Ans. 

 

 

2.2.2 Surface integral 

 Let F(r) be a continuous vector point function and r = f(u,v) be a smooth 

surface S. Let S be a two sided surface in which one side is treating as positive 

side (outer side in case of a closed surface). Then the  surface integral of F(r) 

over S is denoted by 

 S ndsF.  or S dSF.     .....(1) 

 

 where dS = nds and n denotes the unit vector normal to the surface. 

THINGS TO REMEMBER: 

NOTE: 1. Cartesian formula for the surface integral (1) is given by 

  
S

dxdyFdzdxFdydzF )( 321  
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 Where F = kxyzFjxyzFixyzF )()()( 321   

 

NOTE: 2. The surface integral over a closed surface S is denoted by s  

NOTE: 3. In xy plane ds = 
|..| kn

dxdy
 

  yz plane ds = 
|.| in

dydz
 

 and inzx plane dx = 
|.| jn

dxdz
  (conditional) 

NOTE: 4 Unit vector normal to the given surface  is given by  

 n̂ = 
|||| 








grad

grad
 

 

Solved Example 

 

Ex.1 Evaluate S ndsF.   where F = zkyxjzi 23  and S is the surface of the 

cylinder 1622  yx  included in the first octant between z 

= 0 and z = 5. 

Soln. Here the projection of the given surface S on xz 

plane as the region OABC bounded by  x-axis (BC || x axis) 

and z-axis (AB || z axis) as shown in the figure. 

 

  Required surface integral 

 S dsnF ˆ.  = R jn

dxdz
nF

|.|
.ˆ.    ...(1) 

       [Note (3)] (region R = OABC) 

 Now  n̂  =  
|| 



grad

grad
 [Note (4)  = x

2
 + y

2
 = 16 = 0 



44 

 

    = )(
4

1
yjxi      ...(2) 

 Since grad   =   

    =  )16( 22 





















yx

z
k

y
j

x
i  

   = 2xi + 2yj 

 and |grad| = 22 44 yx   

   = )(4 22 yx   

   = )16(4  

   = 864   

  jn.ˆ  = jyjxi ).(
4

1
  

   = y
4

1
 

 From (i) = R jn

dxdz
nF

|.|
.  

   =  









R y

dxdz
yjxizkyxjzi

),4/1(
.)(

4

1
).3( 2  

   =  






 

R
dxdz

y

yxx3
 

   =  









R
dxz

y

x
x

3
 

   =  
  


4

0

5

0
216

3

x z

dxdz
x

x
x  

   =  
 





























4

0

5

0
216

3

x

dxdz
x

x
x  

   = 
 















4

0

5

0

2

2162x

dxz
x

x
xz  
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   = 
 















4

0

5

0
2

)25(
162

5
x

dx
x

x
x  

   =  















 

4

0
2

4

0
2

16

2

2

1

2

25

2

5
dx

x

x
x  

   = 

4

0

2

)`2/1(

16

2

1

2

25

2

80













 










x
 

   = )40(
2

25
40   

   = 40 +50 = 90     Ans. 

 

Ex.2 Evaluate S ndsF.  where kzjyixF 222   and S is that portion of the 

plane x + y + z = 1 which lies in the first octant. 

Soln. According to the question the required Region R is bounded by x axis, y-

axis and straight line x+ y = 1 as shown in the diagram. 

 

  surface integral 

 S ndsF.  = R kn

dxdy
nF

|.|
..    ...(1) 

 Now 

 n̂   = 
|| 



grad

grad
= 

|| 






 where 01 zyx  



46 

 

 Here   = )1( 





















zyx

z
k

y
j

x
i  

   = i + j + k 

 and |  | = 3  

  n̂   = )(
3

1
kji   and n̂ .k. = 

3

1
 

 by (1) 

 R kn

dxdy
nF

|.|
.ˆ.  =  















R

dxdy
kjikzjyix

)3/1(
)(

3

1
).222  

   =  
R

dxdyzyx )( 222  

   =  







1

0

1

0

222 )1(
x

x

y

dxdyyxyx  

   =  




 














1

0

1

0

222 )1(
x

x

y

dxdyyxyx   

   = 










 


1

0

1

0

33
2

3

)1(

3
dx

yxy
yx

x

 

   =  






 





1

0

33
2

3

)1(

3

)1(
)1( dx

xx
xx  

   =  






 


1

0

3
32

3

)1(2
dx

x
xx  

   = 

1

0

443

)1(4

)1(

3

2

43














xxx
 

   = 
4

1

12

234

6

1

4

1

3

1



    Ans. 

 

Ex.3 Evaluate dskyxjxzizy
S

).(
222222

   where S is the part of the sphere 

1222  zyx  above the xy-plane. 
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Sol. According to the question it is clear that the region is bounded by the 

circle 0,122  zyx  in xy-plane. 

 Here F  =  kyxjxzizy 222222   

   = 1222  zyx  

    = )( 222 zyx
z

k
y

j
x

i 





















 

   = zkyjxi 222   

 |  |  = 222 444 zyx    = 2  [ 1222  zyx ] 

  n̂  = 
|| 






 = )(

2

)(2
zkyjxi

zkyjxi



 

 

 Now the required surface integral is 

  ..
.ˆ.

kn

dxdy
nF  =  

R z

dxdy
yzxxyzzxy )( 222222  

   =   
R z

dxdy
yzxzyxxy 22222 )(  

   =   
R

dxdyyxzyxxy 2222 )(  

   =   









1

1

1

1

2222

2

2

)(
x

x

xy

xy

dxdyyxzyxxy  

   =   









1

1

1

1

222222

2

2

1)(
x

x

xy

xy

dxdyyxyxyxxy  
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   =  



1

0

1

0

22

2

22
x

dxdyyx  

      




































a

a

even is xfdxxf

odd  isxf

 

a

dxxf 0

)(,)(2

)(,0

)(   

   = 










1

0

1

0

3
2

2

3
4 dx

y
x

x

 

   =  
1

0

2/322 )1(
3

4
dxxx  

 put x   = sin dx = cosd 

 and limits are  = 0 to = /2 

   =   
2/

0

2/322 coscos1sin
3

4


 d  

   = 
2/

0

42 cossin
3

4


 d  

   = 

2

242
2

2

14
.

2

12

3

4





 

   = 












42

2/52/3

3

4
 

   = 
)1.2.3(

2

1

2

3

2

1

3

2


















 

   = 
24


      Ans. 

 

Ex.4 Evaluate S ndsF.  where F = kxyzjyxi 22   over the surface S of the 

cube bounded by the corrdinate planes and planes x = a, y = a, z = a. 
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Sol. Clearly the surfaces of the cubes are DEFA, CDBO, EGBF, DCOA, 

DEGC and OAFB namely S1,S2,S3,S4, S5 and S6 respectively. Then we have 

required surface integral  

 

 S ndsF.  = 
1

.
S

ndsF  + 
2

.
S

ndsF  + 
3

.
S

ndsF  + 
4

.
S

ndsF + 

     
5

.
S

ndsF  + 
6

.
S

ndsF    ....(1) 

 Face S1 is in yz plane, therefore  axin  ,ˆ  

  
1

.
S

ndsF  =   
 


a

y

a

z

dydz ikxyzjyxi
0 0

2 .2  

   =     dydz ya
a

y

a

z

 
 0 0

2    [ x = a] 

   =  
a

a
dyzay

0

02  

   = 4

0

2
2

2
2 a

y
a

a









   ....(2) 

 For the face S2 i.e. CGBO x = 0, in ˆ  

  
2

.
S

ndsF  =   02
0 0

 
 

a

y

a

z

dydz yx     [ x = 0]  ....(3) 

 For the face S3 i.e. EGBF y = a, jn ˆ  

 
3

.
S

ndsF  =   
a a

dxdzyz
0 0

)(   
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   =   
a a

dxdzaz
0 0

)(    [y = a] 

   =  









a a

dx
z

a
0 0

2

2
 

   = 
2

][
2

3 4

0

a
x

a a      ....(4) 

 For the face S4  DCOA y = 0, jn ˆ  

 
4

.
S

ndsF  =   
a a

dxdzyz
0 0

)( =0 [y = 0]  ....(5) 

 For the face S5  DEGC z = a, kn ˆ  

 
5

.
S

ndsF  =  
a a

dxdyx
0 0

2 )(    [z = a] 

   =  
a

a
dxyx

0

0
2  

   =  









a
aa

adxxa
0

43
2

33
   ....(6) 

 For the face S6  OAFD z = 0, kn ˆ  

 
6

.
S

ndsF  = 
3

)(
4

0 0

2 a
dxdyx

a a

      ....(7) 

 By using 2,3,4,5,6,7, (1) reduce to  

 S ndsF.  = 4

2

1
a       Ans. 

 

2.2.3 Volume Integral: 

 Let F(r) be a continuous vector function and let volume V is enclosed by 

a smooth surface S. Then the volume integral of F(r) over V is denoted by 

  
VFV

FdvFdvdrrF )(  

 Where dv = dxdydz (In triple integral) 
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THINGS TO REMEMBER:  

 NOTE (1): If F = kFjFiF


321   then volume integral  

     
V

dxdydzFkdxdydzFjdxdydzFiFdv 321  

 NOTE (2) : If  is a scalar function, then volume integral is given by 

V dv .  

 

Solved Example 

 

Ex.1 Evaluate V Fdv  where kyxjxziF 22   and V is the region bounded by 

the surfaces x=0, y = 0, z = 0, x = 1, y = 1 and z = 1. 

Sol. Required volume integral = 

 =   
V

FdxdydzFdv  

  =    
1

0

1

0

1

0

2 )2( dxdydzkyxjxzi  

  =         

1

0

1

0

1

0

1

0

1

0

1

0

2

1

0

1

0

1

0

2 dxdydzykxdxdydzjxzdxdydzi


 

  =       1

0

1

0

1

0

3
1

0

1

0

1

0

2
1

0

2
1

0

1

0

2

][
3

][
222

2. zx
y

kzy
x

j
z

y
x

i 
































 
 

  = kji


3

1

2

1

2

1
       .....Ans. 

 

Ex.2 Evaluate V Fdv  where zkyjxiF   and V is the region bounded by the 

surfaces x=0, y = 0, y = 6, z = x
2
 and z = 4. 

Sol. Required volume integral is 

 = V Fdv  =   
  

2

0

6

0

4

2x y xz

Fdxdydz [As z = x
2
, z = 4 we have x = 2] 
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   =    
  

2

0

6

0

4

2x y xz

dxdydzzkyjxi )(   

  =         
2

0

6

0

4 2

0

6

0

42

0

6

0

4

2 22 x xx

zdxdydzkydxdydzjxdxdydzi  

  =      
2

0

6

0

2

0

6

0

4
2

4
2

0

6

0

4
222 ]

2
[][][ dxdy
z

kdxdyzyjdxdyzxi
xxx

  

  =      









2

0

2

0

6
0

42

6

0

2
2

2

0

6
0

2 )4(
22

)4()4( dxyx
k

dx
y

xjdxyxxi  

  =   
2

0

2

0

42
2

0

3 )16(3)4(18)4(6 dxxkdxxjdxxxi  

  =  













































































2

0

5
2
0

2

0

3
2
0

2

0

4
2

0

2

5
163

3
)4(18

42
46

x
xk

x
xj

xx
i  

  =   


















5

32
323

3

8
818486 kji  

  = kji


5

384
9624        Ans. 

 

CHECK YOUR PROGRESS :  

Q.1 Evaluate c drF.  where F = jyiyx


22  and c is xy 42   in the xy-plane 

from (0,0) to (4,4).  Ans.[264] 

Q. 2 Evaluate c drF.  where F = jxiy


  and c is arc of the parabola 2xy   

from (0,0) to (1,1)  Ans [-1/3] 

Q. 3 Evaluate c drF. , where F = kxzyzjiyx 22 2014)63(   and curve c is x = 

t, y = t
2
 from (0,0,0) to (1,1,1).  Ans. [5] 

Q. 4 Evaluate c drF. , where jyxixyF


)( 22   and c is rectangle in the xy-

plane bounded by the lines y =2, x=4, y=10 and x = 1  Ans. [60] 
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Q. 5 Evaluate S dsnF ..  where xzkjyixF 42 22   and the region is in the 

first octant bounded by 2.x and xzy  0,922   Ans. [36(-1)] 

Q. 6 Evaluate S dsnF ..  where ykxjziF  46  and S is the part of plane 

12632  zyx  in the first octant.  Ans. [-16] 

Q. 7 Evaluate S dsnF ..  where xyzF )8/3(  and S is the surface of the 

cylinder 1622  yx  in the first octant between z = 0 and z = 5.  

    Ans.[100(i+j)] 

Q. 8 Evaluate  V Fdv  where F = yx245  and V is the closed region bounded 

by the planes .0,0,0,824  zyxzyx  Ans. [128] 

Q. 9 Evaluate v rdv  where zkyjxi   and V is the region is bounded by x 

=0, y=0, y = 6, z= x
2
 and z = 4. Ans. [24(i+4j+(16/3)k)] 

 

2.3 Gauss Divergence Theorem: 

 Statement - If V is the volume bounded by a closed surface S and F is a 

vector point function with continuous derivatives, then 

  S v
divFdvdsnF .. , .....(i) 

 where n is the unit vector outward drawn normal vector to the surface S. 

 

Note(1) With the help of this theorem we can express volume integral as 

surface integral or surface integral as volume integral. 

Note(2): If the given surface is of a standard curve, then we can directly obtain 

volume by applying volume formula of corresponding curve. 

 Working Rule: 

 Step 1 - Find div. F i.e. F.  

 Step 2 - Find integration limit using the condition given in the question. 
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 Step 3 - Solve (i) after putting the value of div. F (i.e. F.  ), integration 

limit and replacing dv = dxdydz. 

 

Solved examples 

 

Ex. 1 Evaluate  S dxF.  where xzkyzjxyiF  4  and S is the surface of the 

cube bounded by the plane x= 0, x = 2, y = 2, z = 0 and z = 2. 

Sol. Given xzkyzjxyiF  4  

 divF  = F.  

   = )4.( xzkyzjxyi
z

k
y

j
x

i 




















 

   = xzy 4  

  By Guass div. theorem we have 

 S dsnF ..  = V divFdv 

   =   
V

dxdydzxzy )4(  

   =   













2

0

2

0

2

0

)4(
x

x

y

y

z

z

dxdydzxzy  

   =  






 














2

0

2

0

)228(
x

x

y

y

dxdyxy  

   =  







2

0

2

0
2 224(

x

x

y

y dxxyyy  

   = 





2

0

)]4416[(
x

x

dxx  

   =  





2

0

)420(
x

x

dxx  

   =   dxxx x

22

0
2220



  

   = 40 - 8 =32  Ans. 
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Ex.2 Evaluate S dsnF ..  where czkbyjaxiF   and S is the surface of the 

sphere .1222  zyx  

Sol. Here F = czkbyjaxi   

  div F = F.  

   =  )czkbyjaxi
z

k
y

j
x

i 




















 

   = (a + b + c) 

 By Guass div. theorem we have    

 S dsnF ..  = v divFdv 

   =   
V

dxdydzcba )(  

   = 
V

dvcba )(  

   = ])1(3/4)[()( 3cbavcba    

                                   [V=volume of sphere (Note2)]  

   = )(
3

4
cba    Ans. 

 

Ex. 3 Verify the Gauss divergence theorem for the function kzxjyiF 2  

over the cylindrical region S bounded by 0,222  zayx  and z = h 

Soln. By Gauss theorem we have 

 S dsnF ..  = v divFdv .....(i) 

 L.H.S.(i) = S dsnF ..  

   =  
S

dxdy kkzxjyi ).( 2  

   =  







ax

ax

xay
dxdyZxay

22( 222(    [Note] 
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according to question at bottom z = 0 and at the top of cylinder z = h, therefore 

at bottom S dsnF .. =0 

 and at the top S dsnF ..  =  







ax

ax

xay
dxdyhxay

22( 222(  

   =  


a
xa

dxdyh
0

( 2
22

02.2  

   =   
a

dxxah
0

2224  

   =   aaxaxah 0
12222 /(sin)2/1(2/14   

   =  )2/()2/1(04 22 a  

   = 22ha  

  the entire surface integral S dsnF .. = 22ha    .....(ii) 

 Now R.H.S. (i) = v divFdv,  

   =   







 dxdydzkzxjyi

z
k

y
j

x
i ). 2












 

   =  dxdydz z2    

           [here x=-a to a, y = h to zxatoxa 0&)()( 2222  ]  

   =  dxdyz h
xaa

0
2

(

00

][2.2

22




 

   = dxdyhh 

xaa
2 2

(

00

22

4 


 

   =  
a

dxxah
0

222 )(4  

   = 22ha  ....(iii) 

     [since  
a

adxxa
0

222 4/)(   



57 

 

 Hence theorem verified from (ii) and (iii) 

 

CHECK YOUR PROGRESS:  

By using Gauss theorem 

Q.1 Evaluate S dsnF ..  where zkyjxiF   and S is the entire surface of the 

cube bounded by the co-ordinates plane and x = a, y = a, z = a. Ans. [3a
3
]

  

Q.2 Evaluate S dsnF .. where      kyxzjzxyiyzxF  222  and s is the 

surface of the rectangular parallelepiped .0,0,0 czbyax   

 

Q.3 If V is the volume enclosed by a closed surface zkyjxiFandS 32  , 

show that   VdsnFs 6. . 

 

2.4 Stoke's Theorem: 

Statement - If S is open two sided surface bounded by a closed curve C, then for 

the vector F having continuous derivatives, 

     dsnFcurldrFc .. ,     ........(i) 

where n is the unit vector outward drawn normal vector to the surface S and c is 

transversal in the positive direction.  

Note: With the help of this theorem we can express a line integral as a surface 

integral.  

 

Working Rule: Given vector function is F, surface is S and curve is C.  

 Step 1 - Find curl F i.e. F  

 Step 2 - find unit normal vector n̂  and replace ds as Art. 2.2.2 

 Step 3 - Solve after putting above values in R.H.S (i). 
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For verification of the theorem: Find line integral as per Art 2.21, which is 

L.H.S. (i). If L.H.S. (i). = RHS (i),  then the theorem is verified.   

 

Solved examples 

 

Ex 1  Verify Stoke's theorem for   xyji yxF 222  , where C is the rectangle 

in xy=plane bounded by y = 0 ,x = a,y = b and x = 0. 

Soln.  In the xy-plane we have  

  dyjdxidrjyi x r


  

   xydydxyxdrF 2. 22      ........(i) 

clearly the path of integration C consists four straight line OA, AB, BC & CO 

as shown in fig.  

 Required line integral  

      drFdrFdrFdrFdrF COBCABOAc .....    ..........(ii) 

clearly on (1) 00  dyy  OA  and x varies from 0 to b  

 (2) AB 0 dxax  and y varies from 0 to b 

 (3) BC 0 dyby  and x varies from a to 0  

 (4) CO 00  dxx  and y varies from b to 0 

 3/2)(. 3

0

222 adxxxydydxyxdrF
ax

x

OAOA  




   ........(iii) 

   






by

y

ABAB abbyayxydydxyxdrF
0

222 )2(2.    .......(iv) 

 





0

2
2

2222

3
2)(.

x

ax

BCBC ab
a

dxbxxydydxyxdrF   ........(v) 

  





co co

by

y

0dy xydydxyxdrF
0

22 02)(.    .....(vi) 

on putting the value from (iii), (iv), (v), (vi) in (ii) we get reqd. result i.e. 
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    22. abdrFc    ...............(A) 

Again curl 

 
yk

xyyx

zyx

kji

F 4

02

///

22





   

Also n = k  

 curl   -4y .k4yk-n . F   

    
ba

S dxdyydsnFcurl
00

4.  [limit as per que.] 

   
a

0

b

o dxy 2/4 2  

    2
0

2 22 abxb
a

  .................(B) 

 From (A) and (B) we have 

    ,).(. dsnFcurldrF sc hence theorem verified.  

 

Ex2  Evaluate    dyxyxydxc
2 where C is the square in xy - plane with vertices 

(1,0), (-1,0), (0,1) and (0,–1).  

Sol. The given integral is       drjxyxyidyxyxydx cc .22  

     ]&[sin jdyidxdryjxir  ce   

       ndsjxyxyicurldrjxyxyi sc .. 22    [By Stokes theorem] 

 

(1,0) 
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B(a,a) 

A(a,0) (0,0) 

C(0,a) 

Now  kxy

xyxy

zyx

kji

Fcurl  2

2 0

///   

     xykkxynFcurl  22 ..    [ kn  ˆ ] 

  dxdyydsnFcurl x
S

2
0

1
04.    

   [since square is symmetric in all four quadrants]    

  
 dyyy

dyxy









14

4

21
0

21
0

 

 [as line passes through two points (0,1), (0-1)therefore equation of line is 

y-1=x 1=y+x  ] 

   dyyy 321
04    

      .3/14/13/144/3/4
1

0
43  yy    Ans. 

 

Ex 3 Verify Stoke's theorem for xyjixF  2 , where C is square in xy-plane 

bounded by 0,,0  yaxx  and y = a. 

Soln. In the xy-plane we have  

 jdyidxdryjxir   

 xydydxxdrF  2.     ......(i) 
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clearly the path of integration C consists four straight line OA, AB, BC & CO 

as shown in fig. 

 Reqd. line integral  

      drFdrFdrFdrFdrF COBCABOAc .....    .........(ii) 

clearly on (1) OA 00  dyy  and x  varies from 0 to a  

 (2) AB 0 dxax  and y  varies from 0 to a 

 (3) BC 0 dyay  and x  varies from a to 0 

 (4) CO 00  dxx  and y varies from a to 0 

    


3
.

3
2

0
2 a

dxxxydydxxdrF ax
xOAOA    .........(iii) 

    


2
.

3

0
2 a

dyayxydydxxdrF ay
yABAB    .........(iv) 

    


3
.

3
202 a
dxxxydydxxdrF x

axBCBC    .........(v) 

and     
 00. 02 dyxydydxxdrF y

ayCOcO    .........(vi) 

on putting the value from (iii), (iv), (v), (vi) in (ii) we get the reqd. result i.e. 

   
2

.
3a

drFc      .....(A) 

Again ykykji

xyx

zyx

kji

Fcurl  )()0()0(

0

///

2

  

Also n = k  

  ykyknFcurl  ..  

  dxdyydsnFcurl aa
S 00.  [limit as per que.] 

  

a

o

a y








 

2

2

0  dx 

   
22

32

0

a
x

a a















  ....................(B) 
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 From (A) and (B) we have  

     FcurldrF sc . . n ds, hence theorem verified. 

 

2.5 Green's Theorem: If c be the regular closed curve in xy-plane bounding a 

region R and P(x,y) and Q(x', y'
 
) be continuous on C and inside it, having 

continuous partial differentiation then  

        dxdyypxQQdyPdx sc  //  .......(i) 

Working rule: Step(1) Compare given integral in the question with the L.H.S. 

of (i), find P, Q and integration limit from the region R. 

Step(2)  Find xQ  / , and yP  /  by differentiating partially. 

Step(3)  Put all the values in right hand side of (i). 

Step(4)  On solving we get required result.  

 

Solved Examples 

 

Ex. 1 by using Green's theorem evaluate     ydyxdxxyyxc cossinsincos , 

where C is the circle 122  yx . 

Soln. Here P =  ,sincos xyyx  Q=sin x cos y and the integration limit is 1x  

to 1x  and    22 11 xytoxy   

   xyxyxyyxyP  coscos/sincos/   

    [on differentiating w.r.t. y treating x as constant] 

similarly  yxxyxxQ coscos/cossin/    

     [on differentiating w.r.t. x treating y as constant] 

Now by Green's theorem we have  

       dxdyyPxQQdypdx sc  //  

  dxdyxyxyxs   coscoscoscos  
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 

 
dydxx

xy

xy

x

x 







2

2

1

1

1

1  

    




 dxyx
xx

x

21

0

1

12  

    

 012 21

1 dxxxx

x  [by definite integral property]  Ans. 

 

Ex.2 by using Green's theorem evaluate   
  ,cossin ydyedxye xx

c  where C 

is a rectangle whose vertices are )2/,0()2/,(),0,(),0,0(  and . 

Sol. Here P = e
-x

 sin y, Q = e
-x

 cosy and the integration limit is  xtox 0  

and 0y  to 2/y . 

  yeyyeyP xx cos/sin/     

  [on differentiating w.r.t. y treating x as constant] 

Similarly yexyexQ xx cos/cos/      

Now by Green's theorem we have 

      
c s

dxdyyPxQQdypdx  //  

   
 

s

xx dxdyyeye coscos  

  dxdyye x
y

y

x

x

cos2

2/

00














 

      2/
00 sin2


ye x  

   12  e .  Ans. 

 

Ex 3 Evaluate by Green's theorem    
c

dyxdxyxy ,22  where C is the closed 

curve of the region bounded by xy   and 2xy   

Sol. here 22 , xQyxyP   

Therefore    yxyyxyyP 2// 2    
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And xxxxQ 2// 2    

Also from the given region, integration limits are 0x  to 1 and 2xy   to x 

Now by Green's theorem we have  

 =  
Sc

dxdyyPxQQdyPdx )//()(   

   dxdyyxx

xy

xy

x

x

22
2

1

0

 








 

  dxdyyx

xy

xy

x

x

2
2

1

0

 








 

   dxyxy
x

x

x

x

2
2

1

0

 




 

 =  dxxx
x

x

34
1

0






 

 = 

1

0

45

45










xx
 

 = -1/20      Ans. 

 

CHECK YOUR PROGRESS:  

By using Stoke's theorerm 

Q.1 Verify Stokes theorem when F = yi + zj + xk and surface S is the part of 

the sphere 1222  zyx  above the xy-plane. 

Q.2 Verify Stokes theorem for F =   xyjiyx 222   and s is the surface of the 

rectangle bounded by x = -a, x = a, y = 0, y = b. 

By using Green's theorem 

Q.3 Find the value of the integral  
c

xdydxxy )]cos)sin[( , where C is the 

triangle formed by lines ./2,2/,0  xandyxy   
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Q.4 Find the value of the integral  
c

dyyxdxyx )],)2()[( 2  where C is the 

square formed by lines x = 0, x = 1, y = 0, and y = 1.  

 

 

*********** 

 

 

 

 

 

 

 

 

 

 

 

 

UNIT : 3 

GEOMETRY 
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UNIT- 3 

BLOCK INTRODUCTION 

 Geometry is a very important part of Mathematics , but at the same time 

it is very difficult for a common student to understand the basics.  

 In this block we have tried to explain the concept in easy manner to 

understand the reader followed by solved examples.  

 

Unit - III We find certain crucial points which lies on conic and are responsible 

to determine the shape. We illustrated tracing of conic with the help of few 

examples.  In the second phase ideas of confocal conics is given. 

 

 

Object   : At the end of this block a reader would be able to apply the ideas in 

solving the related problems.  
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UNIT 3  

UNIT III : SYSTEM   OF CONICS  

 

STRUCTURE  

3.1  General equation of second degree 

3.2  Tracing of conics 

3.3  System of conics  :  Confocal conics 

3.4  Polar Equation of a conic 

 

3.1  General Equation of Second Degree 

 

The general equation of second degree is given by 

022222  cfygxhxybyax      ………….(1) 

We know that equation (1) always represent a conic section i.e. (1) may either 

be a parabola or an ellipse or a hyperbola or a circle or a pair of straight lines. 

 

3.1.1  Nature of a conic  

 

In general we can find the nature of a conic by the following conditions. 

S. No. Condition Curve 

1 abh  2,0  an ellipse 

2 abh  2,0  a Parabola 

3 abh  2,0  a hyperbola 

4 0,,0 2  baabh  a rectangular Hyperbola 

5  = 0 Pair of straight lines 

6   0  h =0, a = b A circle 

7  = 0, h = ab  Two parallel straight 

lines. 
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Where   : 

cfg

fbh

gha

  

 

3.2   Tracing of conic - 

 

The following points are useful to trace a conic.(ellipse & hyperbola) 

0222 22  cfygxbyhxyaxS  

(1) Nature of conic : as per the article 3.11. 

(2) Centre :  By solving 0/,0/  ysxs   

(3) Determination of c :  Find ,cyhxgc   where yx ,  be the centre 

of conic. 

(4) Standard form :  Transform the equation of conic in standard form 

 .02 22  cByHxyAx   

(5) Length of the axes  :     222 /1/1 HrBrA  , find two values of r 

i.e. r1& r2. 

(6) Equation of axes :
 
Equation of axes are   

     0/1&0/1 2

2

2

1
 HyxrAHyxrA  and change in reference 

of origin. 

(7) Eccentricity :  2

1

2

2
/1 rre   

(8) Latus rectum : 
1

2

2
/21 rr  

(9) Foci :  Co-ordinates of foci ).sin,cos( 11  eryerx  ,  

 Here 
H

r
A 














2

1

1

tan  is slope of axis.  

(10)  Directix : Equation of directrix is obtained  by  

     eryyxx /sincos
1

   
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 (11)  Equation of asymptotes : (In case of  a Hyperbola)  

 0222 22   fgfygxbyhxyaxS  

 Where 
22

,
hab

afgh

hab

bghf









   

 

3.2.1   Tracing of parabola 

Let the parabola be given  

0222 22  cfygxbyhxyax    ......(i) 

Since ( i) represents a parabola, so the terms of second degree in (i) must form a 

perfect square, therefore put 22 ,  baa  so that 222 aabh   i.e. and reduce 

(i) to   022
2

 cfygxyax  which can be written as  

       cfygxax  22
22  . (Note) ....... (ii)  

Choose   so that straight line 0  yx  

and        022 2  cfygx   are at right angles to each other.  

 There fore, 1






















f

g








or 

22 









gf
.......(iii) 

Putting this value of   (ii), we get  

 
 

  cyx
yf

yx 



 2

22

2 2





  (Note)  

Which can be written as  

 
 

222222

2

22

1

)(

2




















































 kyxgfyx
 

or 
 

 










































)()(

2
222/322

2

22 









 kyxgfyx
 

or  
 

 
,

2
2/322

2 X
gf

Y







 ....(iv) 

Where      2222 /;/   kyxXyxY  

The equation (iv) is of the form .42 aXY   
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Hence latus rectum of the parabola = 
 

2/322 )(

2
4










gf
a  

Axis of the parabola is 0Y  i.e. 0  yx                              ....(v) 

and the tangent at the vertex of the parabola is  

0X  i.e.  0 kyx                            ...(vi) 

Vertex of the parabola is obtained by solving X=0 and Y=0 i.e. equation (v) and 

(vi).  

Directix of the parabola is given by X+a =0 

Equation of the latus rectum is given by X-a=0. 

Focus of the parabola is obtained by solving X=a, Y=0. 

Tracing : Draw the rectangular axes and plot the vertex. Draw the axis and 

tangent at the vertex, which are mutually perpendicular lines through the vertex. 

Find also the points where the parabola meets the co-ordinate axes. Then trace 

the curve.  

 

SOLVED EXAMPLE 

 

Ex.1 : Trace the conic 04417210492416 22  yxyxyx  and find the 

co-ordinates of its focus and the equation of its latus rectum. 

Sol. Here 44,86,52,12,9,16  cfghba  

therefore    :  

cfg

fbh

gha

  = 0

448652

86912

521216









 

 

Also abh 2
 so the conic is a parabola Now by rearrangement of  the equation 

we have 

  04417210434
2

 yxyx      ..................(1) 

 

This can be written as                       
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       441726104834 22
  yxyx      ................(ii) 

 

Choose  such that the straight lines 034  yx  and   

      04417261048 2   yx  are at right angles. So m1.m2 = -1 

Or        .2502511726/10483/4   oror  

 

Hence equation (ii) reduces to     40160120234
2

 yxyx  

Or     14340234
2

 yxyx  

Or        22
2

22 34/143540)34/)234(25  yxyx    (Note) 

    XYoryxyx 85/)143(85/)234( 22
   

where     5/143,5/234  YxXyxY   

 

  latus rectum of the parabola  i.e. 284  aa  

 

Axis of the parabola is  0Y  i.e. 0234  yx      ……… (iii) and 

Tangent at the vertex is 0X  i.e. 0143  yx     ……..    (iv) 

 

Now on solving (iii) and (iv) we get the co-ordinates of the vertex of the 

parabola as   5/2,5/1 .  

Also the focus of the parabola is given by  0,  YaX   i.e.   21435/1  yx  &   

0234  yx  
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Solving these we find the focus is (1,2). 

Therefore the equation of the latus rectum is 0 aX  

i.e.   0114321435/1  yxyx  

Required tracing of curve is as per diagram.       

                         

Ex. 2 :  Trace the conic 0171416548 22  yxyxyx  and find the equation of 

its axes. 

Sol. The conic is 0171416548 22  yxyxyx    …………(i) 

Here   42
22 h  and 4058 ab  and 0  

Since 2h  ab therefore the conic is an ellipse. 

The centre  yx ,  of this conic is given by  

x

s




= 0828  yx  and 

y

s




= 0752  yx  on solving we get 2,2/3  yx .                                    

 the centre is (3/2,2).                                             

 

Referred to parallel axes through the centre, the equation  

of the conic (i) is 0548 22  cyxyx     ………..(ii)     

 

where     917272/380  cyfxgc  

 from (ii) the equation of the conic referred to parallel axes 

through the centre is   9548 22  yxyx     ………….(iii)               

 

Or           19/59/229/8 22  yxyx      ………….(iv) 

The direction of the axes are given by  tan  bah  /22  

 

Or       3/458/4tan1/tan2 2    or 02tan3tan2 2    
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Or     2/1,24/1693tan    

Let 2/1tan2tan 21   and . Now changing (iii) to polar co-ordinates we get  

 

   







2

2

22

22
2

tan5tan48

tan19

sin5sincos4cos8

sincos9









r  

 

when        4/920/4545248/419,2tan 2

11  r   

 

 when  tan          15832/454/152/148/4/119,2/1 2

22  r  

 the lengths of the semi axes of the ellipse are 3/2 and 1. 

  

Hence to draw the curve take the point  2,2/3C . Through C draw ACA' 

inclined at an angle 2tan 1  with  x-axis and mark off 2/3 ACCA . 

 

Draw BCB' inclined at right angles to AAC   and mark off 1 BCCB .  

Putting 0y   (i) we get 017168 2  xx , which gives imaginary values of x. 

 the conic does not meet the x-axis. 

 

Putting x=0 in (i), we get 5y
2
-14y+17=0, which also gives imaginary values of 

y. 

 the conic does not meet the y-axis  

 

The shape of the curve is as shown as in the above figure. 
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Equation of the axes : Consider the equation  (iv) of the conic . It is in the 

standard form 12 22  ByHxyAx  

 

Therefore the equation of the major axis of the ellipse referred to original axes 

is   

          012029/22/31/19/80/1 2

2  yxoryxoryyHxxrA  

 

Also the equation of the minor axis of the ellipse referred to original axes is  

          012029/22/31/19/80/1 2

2  yxoryxoryyHxxrA  

Ans.                                       

 

Ex.3: Trace the conic 06224 22  yxyxyx . Also find its foci and 

eccentricity. 

Sol. The conic is 06224 22  yxyxyx .    ……………(i) 

Here   42
22 h  and 111 ab  and  0 

Since abh 2  therefore the conic is an  hyperbola. 

The centre  yx ,  of this conic is given by  

012  yx  and 012  yx  on solving we get 1,1  yx .  

 the centre is (-1,1). 

 

Referred to parallel axes through the centre, the equation of the conic  

(i) Is 04 22  cyxyx       …………..(ii)     

 

where     4611110  cyfxgc                                                         

from  equation (ii)                                                                       

44 22  yxyx         ..…………(iii)                                  
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The direction of the axes are given by  bah  /22tan   

Or   00 270,90211/42tan   or  

Or 00 135,45    

Let 0

2

0

1 13545   and . 

 Now changing (iii) to polar co-ordinates we get  

 

   







2

2

22

22
2

tantan41

tan14

sinsincos4cos

sincos4









r  

When      3/41141/114,45 2

1

0  r  

 

 When      41141/114,135 2

2

0  r  

 The transverse axis is of length 3/4  making an angle of 45
o   

with x-axis. 

 

Hence to draw the curve take the point   1,1C . Through C draw   a straight 

line ACA'  inclined at an angle of 45
o
  with  x-axis and mark off 3/2 ACCA  

Also draw a straight line MMA    perpendicular  to CA and mark off 

24  MAAM   

Join MC and M’C and produce asymptotes. 

 

Putting x=0 in (i) ,we get y
2
 +2y-6=0 , which gives x=7-1=3.6 and 1.6 

approx. 

 the conic meets the x-axis at a distance 3.6 and -1.6. from the origin 

Putting 0y  in (i), we get 0622  xx , which gives 6.317 x  and -1.6 

approx. 

 The conic  meets  y-axis at distances 1.6 and-3.6 from the origin. 

The shape of the curve is as shown as in the above figure. 

 

Eccentricity: The eccentricity of the conic  
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         243/4/43/4/ 2
1

2
2

2
1  rrr     Ans. 

 

Foci : If  be the inclination of the transverse axis , the co-ordinates of the foci 

referred to the original origin are   sin,cos 11 eryerx   

       2/1.3/221;2/1.3/221    

3/2,45 1

0  r  

    3/221.;3/221         Ans.                                       

  

CHECK YOUR PROGRESS :  

Q.1 Trace the conic 074392416 22  yxyxyx  

Q.2 Trace the conic   024548 22  yxyxyx  

Q.3 Trace the conic 010119352 22  yxyxyx  

Q.4  Trace the conic 0592610131013 22  yxyxyx  

Q.5 Trace the conic 0232 22  yxyxyx .  

3.3 System of conic : Confocal conics-   

 

Conic : The general equation of conic is given by  

0222 22  cfygxbyhxyax   

 

where hgfcba &,,,,  are six constants. Throughout this unit we  shall denote 

equation of conic as  0S  . 

 

Equation of conic under different Conditions  : 

(1) Equation of conic through the point of intersection of a conic 0S  and a 

straight line 0U  is given by  0 US  , where  is an arbitrary 

constant. 
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(2) Equation of conic through the points of intersection of a conic S=0 and 

two  straight lines 01 U  and  02 U  is given by 021  UUS  , where  is 

an arbitrary constant. 

 

(3) Equation of conic passing through the points of intersection of conics 

01 S  and 02 S  is given by 021  SS  , where  is an arbitrary constant. 

 

(4) Equation of COMMON CHORD of two circles 01 S  and 02 S  is 

obtained  by  021  SS . 

 {Note  : Before subtracting  make the coefficient of x
2
 and y

2
 unity in 

both the equations.}. 

 

(5) Equation of conic through the five  points if  no four points are in a 

straight line. 

 If three points are in straight line then the required conic must be a pair of 

straight lines. 

(6) Equation of conic through the four fixed points is given by 

               01.1  xyybxabyax   

 Where  01&01  ybxabyax  are the equations of line joining two  

points. 

 

Contact of conics-  let S=0 and s1=0are two conics, if we eliminate x between 

these  two equations , the resulting equation is clearly of fourth degree and 

hence we conclude that two conics cuts each other at four points in which two 

or all four points may be imaginary.                                                            

Case I :  If two conics cut each other like diag. (i), then it is known as the 

contact of zero
th  

order 
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Case 2 :  If two conics  touch each other at A intersects each other at two 

different points, then it called contact of first order 

                                       

Case 3 :  If the three intersection point of two conics coincide and fourth  be the 

different, then it is called contact of second order                                           

 

Case 4 :  If the all four intersection points coincides then it is called contact of 

third order. 

Double Contact  : If two conics touch each other at two points , then they are 

said to have double contact. Required equation of conic having double contact 

with a given conic is 02  US  , where 0,0  US  are the equation of conic & 

a straight line. 

 

Confocal conics : Two conics  are said to be confocal  ,  when they  have 

common foci .  

Note : Equation of confocal conic with  1// 2222  byax  is given  by 

  1/)/( 222222   byax  

 

Property of confocal conic  :  Confocal conics cut each other at right angle . 
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Proof : Let the two Confocal conics  are      1// 1

22

1

22   byax  

 

and       1// 2

22

2

22   byax  

 

Let they cut each other at point  11, yx .  Now the equation of tangents to them  

at (x1,y1) are  

    1// 1

2

11

2

1   byyaxx               

and       1// 2

2

22

2

2   byyaxx   

 

Clearly their slopes are  

       2

2

12

2

11

2

11

2

1 /&/   aybxaybx  

 

If they cut each other at  right angles ,then 

   
          

01
2

2

1

2

2

1

2

2

1

2

2

1

2

2

1

22

1

2

2

1

22

1 














bb

y

aa

x

aay

bbx
  ........(i) 

 

Also  11, yx  lies on both the conics, therefore 

    1// 1

22

11

22

1   byax   and        1// 2

22

12

22

1   byax  

On subtracting, we get  

          0/1/1/1/1 2

2

1

22

12

2

1

22

1   bbyaax  

       
0

2

2

1

2

2

1

2

2

1

2

2

1 



  bb

y

aa

x
      .................... (ii) 

Since  (i) and (ii) are the identical , confocal cuts each other at right angle . 

 

SOLVED EXAMPLE 

Ex.1 : Find the equation of the parabola which touches the conic   

012222  yxyxyx  
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at the point where it is cut by the line 01 yx . 

Sol. The equation of the conic which touches the given conic at the points where 

it is cut by the given line is  

    01122
222  yxyxyxyx                 ……..(i) 

            0122221211 22   yxyxyx             ....….(ii) 

 

If (ii) represents a parabola then we must have "" 2 abh  . 

Or             .4/314211.1212/1
222

   

 From (i) the required equation is  

    014/3122
222  yxyxyxyx   

 

Or   0114142 22  xyxyx .         ........... Ans. 

 

Ex.2: Find the equation of the circle which passes through the given point (2,-3) 

and the point of intersections of circles 526&732 2222  yxyxyxyx  

  Sol. Required equation of conic which passes through the point of intersections  

of two circles is given by  

    0526732 2222  yxyxyxyx       ......…..(i)               

[property (i)] 

 

As per the question conic (i) passes through the point (2,-3), therefore 

On putting 2x  and 3y  in (i), we get   10/1                            ………..(ii) 

Now On putting the value of  in (i) we get the required equation i.e. 

    052673210 2222  yxyxyxyx  

7532141111 22  yxyx           .............Ans. 

Ex.3: Find the conic confocal with the conic 22 22  yx  which passes through 

the point (1,1). 

Sol.:  The equation of the given conic can be written as 
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11/2/ 22  yx             …………..(i) 

Then the equation of its confocal conic can be written as 

 
1

12

22





 

yx
            .…………(ii) 

since (ii) passes through the given point (1,1), therefore 

   
1

1

1

2

1 22










 

    2/51&2/5101 21

2    

 

Now        2/352/5122 1   

 

 and     2/152/5111 2     

On putting the above values in (ii) we get an equation of confocal conic  i.e. 

   
1

15

2

35

2 22







yx
 

On rationalizing the  denominator & solving we get , 

  .253 2222  xyyx            ........Ans. (i) 

 Similarly another equation of confocal conic is obtain by putting the value of 2 

in  (ii). 

 

Ex.4: Prove that the equation to the hyperbola drawn through point on the 

ellipse   1// 2222  byax  whose eccentric angle is  ''  and which is confocal 

with the ellipse is    

22

2

2

2

2

sincos
ba

yx



 

Sol. The equation of the given ellipse  1// 2222  byax           …..(i) 

Equation of confocal to  conic (i) is      .1// 2222   byax            …….(ii) 
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Now we know that the co-ordinates of the point on the ellipse 

1/// 222222  byayax  whose eccentric angle is  ’’ is   sin,cos ba .  

Since the confocal (ii) passes through point   sin,cos ba , we have  

   
1

sincos
2

22

2

22





 







b

b

a

a
 

On solving, we get  

  0cossin 22222  aba   

Or   2222 cossin0 baor                                

Now on putting the value of   2222 cossin ba   in (ii) we get the required 

equation of confocal conic i.e.  22

2

2

2

2

sincos
ba

yx



. 

 

CHECK YOUR PROGRESS : 

 

Q.1  Find the common chord of the circles 015181422 22  yxyx  and 

05344 22  yxyx  [Hint : S1-S2=0 ]      

 Ans. 0153531  yx  

 

Q.2  Find the equation of the conic which passes through the five points (0,0), 

(2,3), (0,3), (2,5), and (4,5).                

 Ans.  012204105 22  yxyxyx  

 

Q.3   Show that the confocal conics  cut at right angles. 

 

3.4 Polar Equation of a conic:  

Definition of conic : A conic is the locus of a point which moves so that its 

distance from a fixed point is in a constant ratio to its perpendicular distance  
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from a fixed straight line . Here fixed point is known as focus , fixed straight 

line is directrix and constant ratio is known as eccentricity. Generally we take  

S- focus(Pole),SZ- axis(initial line), LSL’- latus rectum=2l (length) 

SP = r , angle PSN = , KZ= directrix (fixed straight line). 

 

TO REMEMBER   

Note(1) Polar equation of conic with eccentricity e and latus-rectum 2l is given 

by  cos1/ erl   (axis is taken as initial line &pole as focus) 

 

NOTE : Throughout this topic we shall consider the  equation of conic as  

cos1/ erl  .  

Note  : (2) Polar equation of conic is  ,cos1/   erl If the axis 

inclined at an angle  to the initial line.   

Note : (3)  Equation of directrix is given by    cos1/ erl . In case 2 the 

equation of directrix is given by      cos/ erl  

 

MEANINGFUL WORDS: 

1. Eccentricity (e)– Ratio of perpendicular distance of a point (say) P (lies 

on conic) from  directrix  KZ and focus S, i.e.  SP/PM = e . 

2. Chord – A straight line which cuts the conic at two points. 

3. Focal Chord - A straight line which cuts the conic at two points & passes 

through the focus. 

4. Vectorial angle – An angle which is  obtain by joining the point with the 

pole (focus). 

5. Perpendicular focal chord – Two focal chord perpendicular to each-

other. 



84 

 

6. Vectorial angles of vertices of a focal chord – If   be the vectorial 

angle of a  of vertices of a focal chord ,then the vectorial angle of another 

vertices is (+)  [NOTE].    

7. Tangent of a conic -A straight line which touch the conic at a point. 

8. Normal of a conic - A straight line which is perpendicular to tangent at a 

point. 

9. Asymptotes - A straight line which touch the conic at a point whose 

distance froe focus (pole) is infinity. 

10. Chord of contact – If two tangents are drawn from a given point to a 

given conic , then the chord joining the points of contact is called  chord 

of contact of the given point w.r.t. the given conic. Its equation is given 

by . 

     'coscos/cos/ 2   erlerl  

 

Solved Example 

 

Ex.1 Show that the equation cos1/ erl   and  cos1/ erl  represent the 

same conic. 

Soln. The given equation are cos1/ erl   ………..(i) 

 and  cos1/ erl   …………..(ii) 

 Take a point P(r', ') on (i), then r' given by 'cos1'/ erl    ……….(iii) 

 Now we know that point (r', ') can be written as  ','   r , therefore it 

also lies on (i).so we have  

               'cos1'/ erl  

 'cos1'/ erl     ……………(iv)  

     cos'cos   

     Here equation (iv) clearly the locus of (ii), Hence (i) and (ii) represent the 

same conic. 
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Ex.2 Show that in a conic the sum of the reciprocals of the segments of any 

focal chord of conic is constant. 

Soln.  Let the equation of conic be    cos1/ erl   ………….(i) 

 Let PSP’ be a focal chord . If the vectorial angle of P is  , 

 Then the vectorial angle of P’ is    . Now since  ,SPP  & 

  ,'' SPP  both lies on the conic, their co-ordinates  satisfies the 

equation (i). 

 Therefore we have  

           cos1/ eSPl                        ………..(iii) 

 and  cos1)cos(1'/ eaeSPl     …….(iv) 

 on adding (iii)  and (iv) we get  

               2//  SPlSPl  

 or      lSPSP /2/1/1   (constant)  Proved. 

 

Ex.3 If 'PSP  and 'QSQ  are two perpendicular focal chord of a conic , then show  

 That 
SQQSSPSP .

1

.

1
  Constant. 

Soln. Let the equation of conic be      

           cos1/ erl  ……….(i) 

 

 Let 'PSP  and 'QSQ  be two perpendicular focal chord. let the vectorial 

angle of P  is ""  
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           Then the vectorial angle of 'P , Q and 'Q   Are respectively  









 




2
),( and 












2

3
.  

 Now since  ,SPP ,   ,'' SPP , 











2
,SQQ  and 












2

3
,'' SQQ  lies 

on the conic , their co-ordinates must  satisfies equation (i). 

 Therefore we have  

           cos1/ eSPl     ………..(ii)                   

    cos1cos1'/ eeSPl   .............(iii) 

    sin12/cos1/ eeSQl   .............(iv) 

 and      sin12/3cos1'/ eeSQl   ........…..(v) 

 now multiplying (ii),and (iii) ,we get 

         cos1.cos1'// eeSPlSPl   

 or                  

      222 /cos1'/1./1 leSPSP   …………… (A) 

 similarly multiplying (ii),and (iii) ,we get   

          222 /sin1'/1/1 leSQSQ   …………… (B) 

 finally on adding (A) and (B) 

 that 
 

2

2
2

.

1

'.

1

l

e

SQQSSPSP


  (constant)  

 

Ex.4 Prove that the perpendicular focal chords of a rectangular hyperbola are         

 equal. 

Soln. Let 'PSP  and 'QSQ  are two perpendicular focal chord of a conic, then as 

preceding Ex.(3), we have   

     222 cos21/2cos12''  lelSPPSPSP  [In hyperbola 2e ] 

  22 cos/2cos/2 ll   [in magnitude] 

 And   
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                2222 cos/2sin21/2sin1/2'' llelSQQSQSQ   

  Therefore 

           '' QSQPSP    Hence proved. 

 

Ex.5  If PSQ  and PHR  be two chords of an ellipse through the foci S and H . 

Show that    HRPHSQPS //   is independent of the position of P .  

Soln.   Let the vectorial angle of P be “.” and the equation of the ellipse be    

           cos1/ erl   …………(i)                                   

 since P lies on  (i) ,so we get   

 cos1/ eSPl   ……..(ii) 

 Also the vectorial angle of Q  be ""    and as Q  lies on (i) , so we have  

    cos1cos1/ eeSQl    ……..(iii) 

 Adding (ii)and  (iii) ,we get  

 2//  SQlSPl   

 or  

           lSQSP /2/1/1   

 or  

   lSPSQSP /2/1  (on multiplying both side by SP) …(iv) 

 Similarly we can get  

             lPHHRPH /2/1   ….(v)  

Adding (iv)and  (v) ,we get                        

2+[ (SP/SQ) + (PH/HR)  ] = (2/l) [ SP+PH] =(2/l) (2a),  

[ SP+PH=2a for ellipse] 

      or   

(SP/SQ) + (PH/HR)  = (4a/l) - 2 = constant and independent of  i.e. the 

position of P.                                                                         hence proved. 

       

Some Important Derivations  :  
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(1) Equation of chord joining two points on a conic : let the equation of conic 

be  cos1 e
r

l
 …………(i) 

Let   and  be the vectorial angles of the two points P and Q on (i).  

Since P lies on (i) so we have     

 cos1 e
SP

l
  

or                                  

)cos1( e

l
SP


  

 the polar co-ordinates of P are 


,
)cos1( e

l


 Similarly  

Q is  












,

)cos1( e

l
 

Let the polar equation of the(chord say) line PQ is  

                                               
r

l
BA   sincos   …………(ii). 

OBJECT: To find the eqn. of chord we simply find the value of A & B. 

Suppose P lies on (ii) ,then we have  

 
)cos1(

sincos



e

l
BA


  

                                                 Or            

                                                )cos1(sincos  eBA  …………..(iii) 

Similarly as Q lies on (ii) ,we get  

                                                 )cos1(sincos  eBA  …………..(iv) 

On multiplying (iii) by   sin and (iv) by cos and subtracting we get  

the value of B  i.e.  

           

















 )(
2

1
sin)(

2

1
sin2coscos)sin( B  
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Or                 























)(
2

1
cos

)(
2

1
sin





B  

 Similarly on multiplying (iii) by   sin and (iv) by sin and subtracting 

we get  

                      























)(
2

1
cos

)(
2

1
cos





A  

Now on substituting the values of A and B in (ii) we get  

  











sin

)(
2

1
cos

)(
2

1
sin

cos

)(
2

1
cos

)(
2

1
cos

















































































 e
r

l
 

   =  

 


































  sin)(
2

1
sincos)(

2

1
cos)(

2

1
seccose   

or        

















 )(
2

1
cos)(

2

1
seccos e

r

l
     

 which is our required equation of chord.  

(1) Equation of Tangent at a point P() : As we know that a tangent is a 

straight line which touch the conic at a point  whereas a chord  cuts the 

conic at two points, therefore A CHORD BECOMES TANGENT IF 2
ND

 

POINT MOVES (REACHES) TO 1
ST

 POINT. So the required equation 

of tangent is to be obtain by moving Q() towards P(). Therefore in the 

equation of chord above we replace  with  

        

















 )(
2

1
cos)(

2

1
seccos e

r

l
 

Or         coscose
r

l
 Which is required equation of tangent. 
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Perpendicular Line : let the equation of a straight line is                                                             

                                     
r

l
BA   sincos ……………….(i) 

Then equation of any line perpendicular to (i) is obtained by writing 











2
 for 

 and changing l to a new constant L.      [NOTE]. 

 

(2) Equation of Normal at a pont P() : let the equation of conic be                           

   cos1 e
r

l
      …………(i) 

Let Equation of Tangent at a point P(r1,) to (i) is  

                      ]cos[cos   e
r

l
    ……………….(ii) 

Now as we know that a normal is a straight line which  is perpendicular to 

tangent therefore with the help of the above note equation of normal is 

                      

























 






2
cos

2
cose

r

L
  ……………….(iii) 

If (iii) is normal to (i) at P(r1,) ,then (iii) must pass through P. Therefore point 

P  satisfies  equation (iii) .So we have  

                     

























 






2
cos

2
cos

1

e
r

L
 

Or                sin1erL       …………………(iv) 

Also P(r1,) lies on (i),therefore we have  

  cos1
1

e
r

l
  

                       
)cos1(

1
e

l
r


  

on putting the value or r1 in (iv) , we get  

                     




cos1

sin

e

el
L




       …………….(v)  
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From (iii) and (v) equation of normal  at P  is                         

              )sin(sin
).cos1(

sin


















e

re

el
  

   

(NOTE)  

 )sin(sin
)cos1.(

sin








e

er

el
,  Which is required equation of Normal 

. 

Solved Example 

Ex.1   If PSP’ is a focal chord of a conic . Prove that the angle between tangents 

at P & P’ is  












2

1

1

sin2
tan

e

e 
where  is a vectorial angle of P. 

Soln.  If vectorial angle of P is  ,then the vectorial angle of P’ is (+). 

Let the equation of conic be   cos1 e
r

l
     ………..(i) 

Now equation of tangent at P()  is  

                    
r

l
 =  ]cos[cos  e   

                         =   sinsincoscoscos e  

                         =    sinsincos)cos( e  

                      l =  sinsincos)cos( rre     

                       l  = y xe  sin)cos(   [since x= rcos  ,  y= rsin] 

   the slope of the tangent at P is  

                                          




sin

)cos(
1




e
m  (say) 

Now to obtain the slope of tangent at P’ ,we replace  with +,  

Therefore slope of tangent at P’ is 
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







sin

)cos(

)sin(

)cos(
2









eae
m  (say) 

  

  the required angle is = 












)1(

)(
tan

21

121

mm

mm
 

                                       = 












)1(

sin2
tan

2

1

e

e 
 

(on putting the values of m1 and m2  & solving.) hence proved. 

 

Ex.2   Show that the condition that the line  sincos BA
r

l
 may touch  the 

conic  cos1 e
r

l
  is 1)( 22  BeA . 

Soln. The equations of conic and the line are  cos1 e
r

l
   ……..(i) 

                                 sincos BA
r

l
     …………..(ii) 

The equation of the tangent to (i) at P() is  

                                
r

l
= ]cos[cos  e  

                                    =  sinsincoscoscos e  

                                    =  sinsincos)cos( e   ………..(iii) 

Let the line (ii) touch the conic (i) at the point  P(), then (iii) is identical to (ii). 

Therefore on comparing the coefficient of the same terms ,we have 

  

                               
BA

e  sin)cos(
1 


  

      cos = A -e   and      sin= B    

  on squaring and adding , we get   1)( 22  BeA .    (reqd. condition) 
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Ex.3   Show that the two conics       cos1 1
1 e
r

l
  

 and   )cos(1 2
2   e
r

l
will touch one another if  

 )cos1(2)1()1( 2121
2
2

2
2

2
2

2
1 eellelel   

Soln.  Let the given conics  touch one another at the point whose vectorial angle 

is  . Then the equations of the tangents at the common point  to the conics are  

                              

  cos)cos( 1
1 e
r

l
       …….(i) 

and    )cos()cos( 2
2   e
r

l
                                   …….(ii) 

 

equations (i) and (ii) may be written as [using cos(A-B)=cosAcosB-sinAsinB] 

                              

  sinsincos)cos( 1
1  e
r

l
                         ……..(iii) 

 sin)sin(sincos)coscos( 22
2 ee
r

l
      …….(iv) 

As per the question (iii) and (iv) should be identical (being common tangent) 

Hence on comparing the coefficients ,we have 

   
)sin(sin

sin

)coscos(

)(cos

22

2

2

1









ee

e

l

l







  

or  

122121 coscos)( elelll    and       sinsin)( 2121 elll   

 

on squaring and above ,we get  

 cos2)( 2121
2
1

2
2

2
2

2
1

2
21 eellelelll   

               or 

             )cos1(2)1()1( 2121
2
2

2
2

2
2

2
1 eellelel    Hence proved . 
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Ex.4   Two equal ellipses of eccentricity e are placed with their axes at right 

angles and they have one focus S in common. If PQ be a common tangent, show 

that the angle PSQ is equal to 








2
sin2 1 e

. 

Soln.  Let one of the ellipse be  cos1 e
r

l
    ………(i) 

Then equation of the other ellipse is  )
2

cos(1


  e
r

l
…..(ii) [as per the given 

condition]             

 

Let  the common tangent PQ touch the ellipse (i) at P() and (ii) at Q(’),then 

angle  PSQ=-’                                         …………….(iii) 

Also the tangents at P to(i) and at Q to (ii) are 

                                 
r

l
 = ]cos[cos  e  

                                     =   sinsincoscoscos e  

                                    =    sinsincos)cos( e  ,   ………..(iv)   

and                          
r

l
=  ]'cos[

2
cos 


 








e  

                                 =  'sinsin'coscossin  e , 

                                 =   sin)'sin('coscos  e ,             ……..(v) 
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Now as (iv) and (v) represent  the common tangent, so it is identical. Therefore 

on comparing , we get  

                       
)'sin(

sin

'cos

)cos(
1















e

e
 

    'cos)cos(  e and    )'sin(sin   e               ……..(vi) 

Now on eliminating e , we have cos- sin’ = cos’ - sin  

Or                                   sin'sin'coscos   

Or         )'(sin)'(cos2)'(sin)'(sin2 2/12/12/12/1    

Or            1)'(tan 2/1        or    4/tan)'(tan 2/1    

                    4/)'(
2

1
             ……….(vii) 

Also from (vi) we get  e = sin- sin’ 

                                      = 2cos/4 sin½ (’-)   

                                        = 2 (1/2) sin½ (’-)   

      anglePSQ = (’-)  = 2 sin
-1

(e/2)                      Hence proved. 

 

CHECK YOUR PROGRESS :  

Q.1 Show that the equations  l/r = 1- ecos and l/r = -1- ecos  represent the 

same conic. 

Q.2 In any conic prove that the sum of the reciprocals of the segments of any 

focal chord is constant.  

 Q.3  PSP’ is a focal chord of the conic. Prove that the tangents at P and P’ 

intersects on the directrix.   

  Q.4  Prove that the portion of the tangent intercepted between the conic and 

the directrix subtends a right angle at the corresponding focus.   

 Q.5 Let LSL’ be the latus rectum of the conic. If the normal at L meets the 

conic again at Q , then show that SQ = l(1+3e
2
+e

4
)/(1+e

2
-e

4
).  

 

*********** 
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UNIT - IV 

CONE AND CYLINDER 

 

Structure: 

4.1 Cone with given base. 

4.2 Generators of the cone. 

4.3 Condition for three mutually perpendicular generators. 

4.4 Right circular cone. 

4.5 Cylinder 
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4.1 Cone with given base. 

4.1.1. Definition of Cone: A cone is a surface generated by moving 

straight line which passes through a fixed. point and intersects 

a given base curve. Here moving straight line is known as 

generating line, fixed point is called vertex. 

 

4.1.2 Methods to find the equation of cone under different 

conditions: 

 Type I - When vertex ),,(  , base curve of the conic 

0222),( 22  cfygxbyhxyaxyxf  and equation of plane z = 0 (say) are 

given. 

 Working rule: 

 Step I: Consider a line passes through the vertex ),,(  i.e.  

 
n

z

m

y

l

x  






  .....(ii) 

 assuming that the l,m,n are the d.c.'s. 

 Step II: Find out the point of intersection of line (ii) and plane by putting z = 0 (as per 

the question) in (ii). So we get 







 0,,

n

m

n

l 



  

 Step III: Satisfy the equation of base curve by putting 0,,  z
n

m
y

n

l
x





  

 i.e. 0, 









n

m

n

l
f





  .....(iii) 

 Step IV: Obtain required equation of cone by eliminating l,m,n using equation (ii)  

 i.e. put 


















z

y

n

m

z

x

n

l
,  [from (ii)]  in (iii)  

   

Ex. 1 Find the equation of a cone whose vertex is the point ),,(   and whose 

generating lines passes through the conic  

  0,1// 2222  zbyax .  

Sol. The equation of the given base curve is  

  0,1// 2222  zbyax . 

 The equation of any line through the vertex ),,(   are  



98 

 

        nzmylx ///   . 

 The line (2) meets the plane 0z at the point given by  

  
nm

y

l

x  





 0
i.e. at the point 








 0,,

n

m

n

l 



 . 

 If this point lies on the conic (1), then  

  1
11

2

2

2




















n

m

bn

l

a





 . 

 Eliminating l, m, n between the equations (2) and (3), the required equation of the 

conic is given by  

  1
11

2

2

2

2












































 











z

y

bz

x

a
 

or        2222222   zbayzaxzb .   Ans. 

 

Ex.2 Find the equation of the cone with vertex (5, 4, 3) and with 

 0,623 22  zyyx  as base. 

Sol. The equations of the base curve are (given) 

  0yand,623 22  zyx .  

 The equations of any line (generator) through (5, 4, 3) are  

  
nm

zy

n

z

m

yx












 734

1

5
 

 The line (2) meets the plane 0 zy  at the point given by 

  
nmnmn

z

m

yx

















 77034

1

5
 

i.e. at the point 

















nm

n

nm

m

nm

l 7
3,

7
4,

7
5  

or  




















nm

nm

nm

mn

nm

lnm 43
,

34
,

755
 

 If this point lies on the base curve given by (1), then this point will satisfy 3x
2
 + 2y

2
 = 

6 and therefore 

       222
63427553 nmmnlnm  . 

 Putting proportionate values of nml ,,  from (2) in (3) and thus eliminating nml ,,  

between the equation (2) and (3), the required equation of the cone is given by  
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                 222
346433425735453  zyyzxzy  

or      222
763427553  zyyzxzy  

or 029484842102109010187147 222  zyxyzxyzzyx . Ans. 

 

Type II - When a given general equation of 2nd degree f(x,y,z) = 0 representing a cone .  

 Working rule: 

 Step I: Make the given equation f(x,y,z) = 0 homogeneous by introducing a new 

variable t. i.e. F(x,y,z,t) = 0      .....(ii) 

 Step II: Find 00,0,0 



















t

F
 and 

z

F

y

F

x

F
 

 Step III: Put t = 1 in all the four relation. 

 Step IV: Solve first three relations for x ,y and z.  

 Step V: If the obtained values of x,y,z satisfy fourth relation i.e. 0




t

F
 then the 

given equation represents a cone.  

To find vertex. 

 Step VI: The obtained values of x,y,z denote the coordinates of vertex. 

 

 

Ex.3 Prove that the equation  

  0461112324 22  zyxyzxyyx . 

 represents a cone. Find the co-ordinates of its vertex.  

Sol. Let 

   04611123224,, 222  zyxyzxyzyxzyxF  ….(1) 

 Making (1) homogeneous with the help of t, we get 

   2222 4611123224,,, tztytxtyzxyzyxtzyxF   ….(2) 

 Differentiating (2) partially with respect to x, y, z and t successively, we have  

  








tzyxtFtyzzF

tzxyyFtyxxF

861112/,634/

11322/,1228/
     ……(A) 

 Putting t = 1 in each of the relations in (A) and then equation them to zero, we get  

 8x + 2y + 12 = 0  .....(3),  2x - 2y -3z - 11 = 0 .....(4) 

 -3y + 4z + 6 = 0  .....(5),  12-11y + 6z + 8 = 0 .....(6) 
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 Now we shall find x, y, z by solving the equations (3), (4) and (5).  

 Eliminating x between (3) and (4), we get 

    5y + 6z + 28 = 0. 

 Solving (5) and (7), we get  

    y = - 2, z = - 3. 

 

Ex.4 Prove that the equation  

  0222222  dwzvyuxczbyax  

 represents a cone if ./// 222 dcwbvau   

Sol. Let  

   .0222,, 222  dwzvyuxczbyaxzyxF    ...(1) 

 Making (1) homogeneous with the help of t, we get  

   2222 222,,, dtwztvytuxtczbyaxtzyxF  .   ...(2) 

 Differentiating (2) partially w.r.t. x, y, z and t successively, we have  

 








dtwzvtuxtFwtczzF

vtbyyFutaxxF

2222/,22/

22/,22/
   ...(A) 

 Putting t = 1 in each of the relations in (A) and then equating them to zero, we have  

  ,022,022,022  wczvbyuax   

   .02222  dwzvyux  

 From the first three equations, we have 

   x = - u/a, y = - v/b, z = - w/c. 

 Putting these values of x, y, z in the fourth equation namely 2ux + 2vy + 2wz + 2d = 0, 

we have  

 2u (-u /a) + 2v (-v/b) + 2w (-w/c) + 2d = 0 

or  dcwbvau  /// 222 .      ...(3) 

 Hence (3) is the required condition that the given equation (1) represents a cone.  

 

 Important Note: 

 Every second degree homogeneous equation whose vertex is at origin represent a 

cone. Therefore the equation 0222222  fyzgzxhxyczbyax  represent a cone 

with vertex (0,0,0). 
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 Type III - Equation of a cone whose vertex is at  the origin and equation of base 

curve and the plane is given or two equations  representing the guiding (base) curve in which 

one equation is of first degree. 

 

 Working rule: 

 Required equation of cone is obtained by making the other equation homogeneous 

with the help of the first equation. 

 

Ex. 5 Find the equation of the cone with vertex at (0,0,0) and passing through the circle 

given by 

 .2,0432222  zyxzyxzyx  

Sol. The  given equations of circle are 

 0432222  zyxzyx  .....(1) 

and 1z)/2y-(x or zyx  2  .....(2) 

 Making (1) homogeneous with the help of (2), the equation of the required cone with 

the vertex at the origin is 

 0)(
4

1
.4))(32(

2

1
)( 2222  zyxzyxzyxzyx  

or )35243()(2 222222 zyzyzxxyxzyx   

  0)222( 222  yzzxxyzyx  

or 032 2222  yzxyzyx  Ans. 

 

Ex.6 Find the equation of the cone whose vertex is (0,0,0) and which passes through 

the curve of intersection of the plane. 

  lx + my + nz = p 

 and the surface ax
2
 + by

2
 + cz

2
 = 1 

Sol. The equation of the given curve are 

  1222  czbyax  .....(1) 

 and 1/)(  pnzmylx  .....(2) 

 Making (1) homogeneous with the help of (2), the equation of the required cone with 

the vertex at the origin is given by 
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2222 )/){()( pnzmylxczbyax   

 or .)()( 22222 nzmylxczbyaxp   Ans. 
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4.2 Generators of the Cone: 

 Definition: A straight line which generates the cone is called generating line or 

generators. 

 

4.2.1 Finding generator lines. 

 Type IV: To find the equation of generating line when the equation of cone and 

equation of plane is given.  

 

 Working rule 

 Step I: Consider a straight line (by assuming it as reqd. equation of generating line) 

i.e. 
n

z

m

y

l

x
   .....(i) 

 Step II: Since equation (i) is a generators of the given cone, therefore its d.c.'s l,m,n 

satisfy the equation of cone and plane. So put x = l, y = m and z = n in both the 

equations and numbering (ii) and (iii). 

 Step III: Eliminate m [(or n), (or l)] between (ii) and (iii). 

 Step IV: Make the obtained equation quadratic in terms of  
























m

l
or

n

m
or

n

l
,  

 Step V: Finally by putting the values  of l & n in (ii) [equation of plans]. We get the 

values of l,m,n. 

 So the required equation of generators is obtained by putting the values of l,m,n in (i). 

 

Ex.7 Find the angle between the lines of section of the plane 2x + y + 5z = 0 and the 

cone 6yz - 2zx + 5xy = 0. 

Sol. The equation of the given plane is  

  3x + y + 5z = 0        ...(1) 

 The equations of given cone s 6yz - 2zx + 5xy = 0.   ...(2) 

 Let the equation of a line of section of the cone (2) by the plane  (1) be given by x/l = 

y/m = z/n       ...(3) 

 Then 3l + m + 5n = 0  .....(4) and 6mn - 2nl + 5lm = 0   ...(5) 

 Eliminating m between (4) and (5), we get 

     0154530or05352536 22  lnlnnllnlnnl  

or 2n
2
 + 3nl + l 

2
 = 0 or (2n + l) (n + 1) = 0. 
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  2n + l = 0 or n + 1 = 0. 

 When 2n + l = 0 i.e. l = - 2n then from (4), m = n. 

    l/(-2) = m/1 =  n/1. 

 Again when n + l = 0 i.e. l = - n then from (4), m = - 2n. 

    l/1 = m/2 = n/(-1). 

 Hence the equations of the lines of section are  

   
121

and
112 




zyxzyx
. 

 Let   be the angle between these lines of section.  

 Then cos
      6

1

)1()2(1)1()1(2

)1).(1()2).(1(1).2(

222222





 . 

  the acute angle   = cos
-1

 (1/6).  

 

4.2.2 Angle between two generators line. 

 Let the two generators line of a cone are 
22111 n

z

m

y

l

x
 and 

z

z

m

y

l

x

2

  then angle 

between two generators lines is given by 

 
2
2

2
2

2
2

2
1

2
1

2
1

212121

(.(

.

nmlnml

nnmmll
Cos




  

 

NOTE: Two generating lines are said to be mutually perpendicular if angle between them is 

2/  or Cos 2/ =0     Or          0212121  nnmmll  

 

Ex.8 Show that the plane ax + by + cz  = 0 cuts the cone yz + zx + xy = 0 in 

perpendicular lines if 1/a + 1/b + 1/c = 0.    

Sol. Let the equations of a line of section of the section of the cone yz + zx + xy = 0 by the 

plane ax + by + cz = 0 be given by  

   nzmylx ///        ...(1) 

 Then   mn + nl + lm = 0      ...(2) 

and    al + bm + cn = 0.       ...(3) 

 Eliminating n between the equations (2) and (3), we get 0 

  m {-(al + bm)/c} + {-(al + bm)/c} l + lm = 0 

or   al
2
 + (a + b- c) lm + bm

2
 = 0,     
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or       0//
2

 bmlcbamla .     ...(4) 

 This is a quadratic equation in l/m and hence it shows  that the given plane cuts the 

given cone in two generators (i.e. lines). Let l1, m1, n1 and l2, m2, n2 be the d.c.'s of 

these two lines so that the product of the roots of the equation (4) is given by  

   
a

b

m

l

m

l


2

2

1

1 . . 

  
c

nn

b

mm

a

ll

/1/1/1

212122  (by symmetry). 

 There lines of section will perpendicular if  

0/1/1/1..0212121  cbaifeinnmmll . 

 

4.3 Condition for three mutually perpendicular generators. 

 A cone whose vertex is at the origin having three mutually perpendicular generators 

if the sum of the coefficient of the terms x
2
, y

2
 and z

2
 is zero i.e.  if the equation of cone is. 

 0222222  hxygzxxyzczbyax  the required condition for three 

mutually perpendicular generators is a + b + c = 0 

  

Ex.9  If 3/2/1/ zyx   represents one of a set of three mutually perpendicular 

generators of the cone 5yz - 8zx - 3xy = 0, find the equations of the other two. 

Sol. The equation of the given cone is. 

    5yz - 8zx - 3xy = 0                     ……………..(1) 

 In the equation of the cone (1), the sum of the coefficients of x
2
, y

2
 and z

2
 is zero, 

hence the cone (1) has an infinite set of three mutually perpendicular generators.  

 Thus if x/1 =  y/2 = z/3 is one of  a set of three mutually perpendicular generators then 

the other two generators will be the lines of intersection of the given cone (1) by the 

plane through the vertex (3, 0, 0) and perpendicular to the given generator namely x/1 

=  y/2 = z/3 i.e. by the plane 1.x + 2.y + 3.z = 0. Let x/l = y/m = z/n be a line of 

intersection, so that we have  

   5mn - 8nl - 3lm = 0      ...(2) 

 and    l + 2m + 2n = 0               ...(3) 

  Eliminating l between (2) and (3), we get 

  5mn - 8n (-2m - 3n) - 3 (-2m - 3n) m = 0  

or  6m
2
 + 30mn + 24n

2
 = 0 or m

2
 + 5mn + 4n

2
 = 0  
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or  (m + 4n) (m + n) = 0 or m = - 4n, m = - n.      

 When m = - 4n, from (3). we have l - 5n = 0 or l = 5n.  

  4l = - 5m = 20n  or  l/5 = m/(-4) = n/1           ...(4) 

 When m = - n, from (3), we have l + n = 0 or l = - n.  

   l = m = - n or l/1 = m/1 = n/1 (-1)   ...(5) 

 Therefore, from (4) and (5), the equations of the other two generators are  

   x/5 = y/(-4) = z/1  and  x/1 = y/1 = z/(-1)          ...(6) 

 Clearly both these generators are perpendicular since  

   5.1 + (- 4).1 + (1).(-1) = 0. 

 Also each of these two generators is perpendicular to the given generator x/1 = y/2 = 

z/3 since 

  5.1 + (- 4).2 + 1.3 = 0 and 1.1 + 1.2 + (-1).3 = 0. 

 Hence the required two generators are given by the equations (6) above. 

 

Ex.10 Show that the condition that the plane ux + vy + wz = 0 may cut the cone ax
2
 + 

by
2
 + cz

2
 = 0 in perpendicular generators is 

 0)()()( 222  wbavacucb  

Sol. This problem has already been solved in deduction 2 of  10. But here we provide  

its complete solution. 

 Let the equations of a line of section of the cone 0222  czbyax  by the plane 

ux +vy + wz = 0 be  

  x/l = y/m = z/n. .....(1) 

 Then al
2
 + bm

2
 + cn

2
 = 0 .....(2) 

 and ul + vm + wn = 0. ....(3) 

 Eliminating n between (2) and (3), we get 

 0}/)({ 222  wvmulcbmal  

or 0)(2)( 222222  mcvbwculmlcuaw  

or 0)()/(2)/)(( 22222  cvbwmlcuvmlcuaw ...(4) 

 This is a quadratic equation in l/m and hence it shows that the plane ux + vy + wz 

=0 cuts the  given cone into two lines (or generators). Let 111 ,, nml  and 222 ,, nml  be the 

d.c.'s of these lines. Then 211 // ml and ml 2  are the roots of the equation (4). The product of 

the roots of the equation (4) is given by 
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22

22

2

2

1

1 .
cuaw

cvbw

m

l

m

l




  

  
22

21
22

21
22

21

buav

nn

awcu

mm

cvbw

ll








 

 writing the third fraction by symmetry. 

 Now the generators (i.e. the lines) will be perpendicular if  

  0212121  nnmmll  

i.e. if  0)()()( 222222  buavawcucvbw  

i.e. if  .0)()()( 222  wbavacucb    Proved 

 

4.3.1 The reciprocal cone 

 Definition: The reciprocal cone of the given cone is the locus of the lines through 

the vertex and at right angles to the tangent planes of the given cone. 

 

 Working rule to find the equation of reciprocal cone of a given cone - 

 0222222  bxygzxfyzczbyax  .....(1) 

 Step I: First assume that the equation of reciprocal cone is 

 0222222  HzyGzxFzxCzByAx  .....(2) 

 Step II: Compare the given equation of cone with (1) and find the value of 

a,b,c,f,g,h. 

 Step III: Find the values of A,B,C,F,G,H where  

 
cf

gh
H

fg

bh
G

fg

ha
F

bh

ha
C

cg

ga
B

cf

fb
A  ,,,,,  

 Step IV: To obtain the equation, put all the values in (2). 
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Ex.11 Find the equation of the cone reciprocal to the cone. 

 0 hxygzxfyz  

Sol. The equation of the given cone is 

  0 hxygzxfyz .    .....(1) 

 Let the reciprocal cone of (1)  be 

 0222222  HxyGzxFyzCzByAx .    .....(2) 

 Comparing the equation (1) with the equation 

 0222222  hxygzxfyzczbyax  

we have a = 0, b = 0, c = 0, .,
2

1
h

2

1
h and g

2

1
g ff   

 ;
4

1
;

4

1
;

2

1
"" 2222 hCgBffbcA   

 .
4

1
;

4

1
;

4

1
0

2

1
.

2

1
"" fgHhfGghhgafghF   

 Putting these value in (2), the equation of the cone reciprocal to (1) is given by 

 0
4

1
.2

4

1
.2

4

1
.2

4

1

4

1

4

1 222222  fgxyhfzxghyzzhygxf  

or 0222222222  fgxyhfzxghyzzhygxf  

 

4.4 Right Circular Cone: 

 Definition: A right circular cone is a surface generated by a 

line which moves in such a way that it passes through a fixed point 

(vertex) and it makes a constant angle   with a fixed straight line 

through the vertex. 

 

 Here angle   is known as semi-vertical angle and the fixed 

straight-line through the vertex is called the axis. 

 

(B) To find the equation of a right circular cone.  

 Let   ,,A be the vertex of the cone an the equations of the axis AO be  

      nzmylx //)(/)(   , 
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 where l, m, n are the d.r.'s of the axis. Let the co-ordinates of any point R on the 

surface of the cone be (x, y, z) so that the d.r.'s of the line AR are .,,   zyx If 

  is the semi-vertical angle of the cone i.e. the angle between the lines AO and AR is 

 , then it is given by  

   
     

        222222
cos











zyxnml

znymxl
 

 Squaring and cross-multiplying, the required equation of the right circular cone is 

given by         2
  znymxl  

              2222222 cos1  zyxnm . 

Case I. If the vertex is at origin. If the vertex A be taken at (0, 0, 0) then putting 

0   in the equation (1) above, the equation of the right circular cone with the 

vertex at the origin an semi-vertical angle   is given by  

 22222222 cos))(()( zyxnmlnzmylx   

or )sin1)()(()( 22222222  zyxnmlnzmylx  

or   
22222222222222 )())((sin))(( nzmylxzyxnmlzyxnml    

or 2222222 sin))(( zyxnml   

  = 
222 )()()( mxlzlznxnymz  . .....(2) 

   [By Lagrange's Identity] 

 

Case II. If the vertex is at the origin, the axis of the cone is the z-axis and the semi-vertical 

angle is  . 

 Let OX, OY, OZ be the co-ordinate axes. The vertex of the cone is at the origin O, 

the axes of the cone is along z-axis OZ and the semi-vertical angle is   Let R(x,y,z) be any 

current point on the surface of the cone so that OR is a generator of the cone. 

 The d.c.'s of OZ are 0,0,1 and the d.r.'s of OR are x – 0, y – 0, z – 0 i.e. x,y,z. The 

angle between the lines OR and OZ is equal to the semi-vertical angle  of the cone. 

Therefore 

 
222222222 (100(

1.0.0.

zyx

z

zyx

zyx







 

or 
22222 sec zyxz    or  )1(sec2222  zyx  
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or  2222 tanzyx      .....(3) 

Case III: If the vertex is at the origin, axis the y-axis and semi vertical angle is  . 

 The d.c.'s of the y-axis are 0,1,0.Hence putting l = n = 0 and m = 1 in the 

 equation (2) above, the required equation of the cone is given by 

 ,sin)( 222222 xzzyx   or  22222 sin)sin1)(( yxz   

 or 2222 tanyxz   .....(4) 

 

Case IV: If the vertex is at the origin, axis the x-axis and semi vertical angle is  . 

 The d.c.'s of the x-axis are 1,0,0.Hence putting m = n = 0 and l = 1 in the equation 

(2) above, the required equation of the cone is given by 

 
222222 sin)( yzzyx   , or  22222 sin)sin1)(( xzy   

or  2222 tanxzy      .....(5) 

 

Note: The students are advised to write complete proofs of cases III and IV as given in the 

proof of case II. 

     

Ex.12 Find the equation to the right circular cone whose vertex is (2,–3,5), axis 

makes equal angles with the co-ordinates axes and semi-vertical angle is 30
0
. 

Sol. The co-ordinates of the vertex A of the cone are given as (2,–3,5).  If l,m,n are the 

d.c.'s of the axis of the cone then since the axis makes equal angles with the co-ordinate axes, 

we have  

 
3

1

111

(

111 222

222







nmlnml
 

 Consider a general point R(x,y,z) on the cone so that the d.r.'s of the generator AR 

are x –2, y + 3, z – 5. 

 Now the semi-vertical angle of the cone is 30
0
 i.e. the angle between the axis of the 

cone and the generator AR is 30
0
, therefore, the required equation of the right circular cone is 

given by 

 
})5()3()2{(

)5)(3/1()3)(3/1()2).(3/1(
30cos

222

0






zyx

zyx
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or 
})5()3()2{(3

4

2

3

222 




zyx

zyx
 

 Squaring and cross multiplying, we get. 

 
222222 (4}25109644{9 zyxzzyyxx   

   }88822216 zyxyzxzxy   

or 027858864)(8)(5 222  zyxxyzxyzzyx  

 

Ex.13 A right circular cone is passing through the point (1,1,1) and its vertex is the 

point (1,0,1). The axis of the cone is equally inclined to the co-ordinate axes. 

Find the equation of the cone. 

Sol. The cone is passing through the point (1,1,1) and hence the d.r.'s of the generator 

passing through (1,0,1) and (1,1,1) are 1, –1, 1–1, 1–1, i.e. 0, 1, 0. 

 The axis of the cone is equally inclined to the co-ordinate axes and so its d.c.'s are 

3/1,3/1,3/1  [See above example] 

 Thus if   be the semi-vertical angle of the cone, then 

 
3

1

)010(

)3/1.(0)3/1.(13/1.(0
cos

222





  .....(1) 

 Now let R(x,y,z) be a general point on the cone and so the d.r.'s of the generator AR 

are x–1, y–0, z–1. The angle between the axis of the cone and the generator AR is also   and 

so, we have 

 
})1()()1{(

)3/1).(1()3/1.()3/1).(1(
cos

222 




zyx

zyx
  

or 
222(3

2

3

1

222 




zxzyx

zyx
, using (1) 

 Squaring and cross multiplying, we get 

 
2222 )2()222(  zyxzxzyx  

or 012  zyxxyzxyz  

 This is required equation of the right circular cone. 

 

Ex.14 Find the equation of the right circular cone with vertex at (1,–2,–1), semi-

vertical angle  60
0
 and the axis. 
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 .5/)1(4/)2(3/)1(  zyx  

Sol. The vertex of the cone is A(1,–2,1). The equation of the axis of the cone 

.5/)1(4/)2(3/)1(  zyx  

  The d.r.'s of the axis of the cone are 3,–4,5. The semi vertical angle of the cone 

is 60
0
. 

 Consider a general point R(x,y,z) on the cone and so the d.r.'s of the generator AR 

are x–1, y + 2, z + 1. Hence the required equation of the right cone is given by 

 
})1()2()1{(})5()4()3{(

)1.(5)2)(4()1.(3
60cos

222222

0






zyx

zyx
 

or 
)6242()50(

6543

2

1

222 




zyxzyx

zyx
  

 Squaring and cross-multiplying, we get 

 
2222 )6543(2)6242(25  zyxzyxzyx  

or .0781704224860802577 222  zyxxyzxyzzyx  

Ex.15 Find the equation of the cone generated by rotating the line x/1 = y/m = z/n 

about the line x/a = y/b = z/c as axis. 

Sol. The equation oft he axis of the cone are 

 x/a = y/b = z/c.     .....(1) 

 The equation of a generator of the cone are 

 x/l = y/m = z/n.     .....(2) 

 Let   be the semi-vertical angle of the cone then it is the angle between the lines 

(1) and (2) and so we have 

 
)((

cos
222222 nmlcba

cnbmal




  

 Consider a general point R(x,y,z) on the cone. Now the vertex A of the cone being 

the point of intersection of (1) and (2) is given by (0,0,0). Thus the d.r.'s of the generator AR 

are x – 0, y – 0, z – 0, i.e. x,y,z. Also the angle between the axis (1) and the generator AR is   

and hence, we have 

 
)()(

cos
222222 zyxcba

czbyax




     .....(4) 

 Equating the two values of cos  given by (3) and (4), the required equation of the 

cone is given by 
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)( 222222 nml

cnbmal

zyx

czbyax









  

or .))(()()( 22222222 cnbmalzyxnmlczbyax   

CHECK YOUR PROGRESS : 

 

Q.1 Find the equation of cone whose vertex is (  ,, ) and the base curve is 

0,122  zbyax . 

[Ans. 
222 )()()(   zyzbxza ] 

Q.2 Find the equation of cone whose vertex is (1,2,3) and base curve is 

0,42  zaxy  

[Ans. )3)(3(4)32( 2 xzzayz  ] 

Q.3 Prove that the equation 

 20219854432 222  zyxzxyzxyzyx  

 represent a cone whose vertex is (1,–2,3). 

Q.4 Find the equation of the cone whose vertex is the origin and base curve is given by 

pnzmylxzbyax  ,222
 

[Ans. )(2)( 22 nzmylxzbyaxp  ]  

Q.5 Find the equations to the lines in which the plane 02  zyx  cuts the cone 

03 222  zyax . Also find the angle between the lines of section. 

[Ans. 
35

27
,

021
,

241

1








 Cos
zyxzyx
 ] 

Q.6 Find the equation of right circular cone whose vertex is (1,1,1), axis is 

3

1

2

1

1

1 







 zyx
 and the semi vertical angle is 30

0
. 

[Ans. 031610582412831319 222  zyxyzxzxyzyx ] 

Q.7 Find the equation of the cone formed by rotating the line 0,532  zyx  about 

the y-axis. 

[Ans. ]03636494 222  yzyx  
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4.5 Cylinder 

 Definition: A cylinder is a surface generated by a moving straight line which 

moves parallel to a fixed straight line and intersects a given curve. Here the given 

curve is known as guiding curve, fixed straight line is axis of the cylinder. 

       
 

4.5.1 To find the equation of cylinder whose generators are parallel to the line (axis) 

n

z

m

y

l

x
  and guiding curve 0222 22  cfygxzyhxyax ,z = 0 is 

given. 

 

Working rule 

 Step I: Consider the equation of generating line 

  
n

zz

m

yy

l

xx 111 






,    .....(1) 

 where point ( 111 ,, zyx ) lies on the cylinder. 

 Step II: Find the point of intersection of line (1) and plane by putting z=0 in (1) . 

 Step III: Point of intersections satisfy the equations of conic (guiding curve). So 

satisfy it.  

 Step IV: Finally the locus of point ( 111 ,, zyx ) gives us the required equation of 

cylinder. So replace 111 ,, zyx  by  x,y,z respectively. 

 

Ex.1 Find the equation of a cylinder whose generators are parallel to the line x = y/2 

= –z and whose guiding curve is 

  1,123 22  zyx  

  Or 

 Find the equation of a cylinder whose generators are parallel to the line x = y/2 = –z 

and passing through the curve. 
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  0,123 22  zyx  

Sol. The equation of the given guiding curve are 

  0,123 22  zyx  

 The equation of the given line is 

  x/1 = y/2 = z/(–1)     .....(2) 

 Consider a current point P(x1,y1,z1) on the cylinder. The equations of the generator 

through the point P(x1,y1,z1) which is a line parallel to the given line (2) are 

 )1/()(2/)(1/)( 111  zzyyxx     .....(3) 

 The generator (3) meets the plane z = 0 in the point given by  

 
1

0

21

111









 zyyxx
 i.e. )0,2,( 1111 zyzx   

 Since the generator (3) meets the conic (1), hence the point )0,2,( 1111 zyzx   

will satisfy the equations of the conic given by (1), and so we have 

 1)2(2)(3 11
2

11  zyzx  

or 1)44(2)2(3 2
111

2
1

2
111

2
1  zzyyzzxx  

or 01681123 1111
2
1

2
1

2
1  xzzyzyx  

  The locus of ),,( 111 zyxP  i.e. the required equation of the cylinder is given by 

 01681123 222  zxyzzyx  

 

Ex.2 Find the equation of the cylinder which intersects the curve 

pnzmylxczbyax  ,1222
 and whose generators are parallel to the 

axis of x. 

Sol. The equation of the guiding curve are 

  1222  czbuax   .....(1) 

 and pnzmylx    .....(2) 

 Now the equation of the cylinder whose generators are parallel to x-axis will not 

contain the terms of x. Hence the required equation of the cylinder is obtained by eliminating 

x between the equation (1) and (2), and so is given by 

  122
2








 

czby
l

nzmyp
a  
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   






 


l

nzmyp
xFrom ),2(  

or 
222222)( lzclyblnzmypa   

or 
2222222222 )222( lzclyblmnyzpnzpmyznympa   

or 0)(222)()( 22222222  lapampzampyamnyzzclanyblam  

 

4.5.2 Right Circular Cylinder: 

 Definition: A cylinder is called a right circular cylinder if the generators are always 

at a constant distance from the fixed straight line. Here the constant distance is 

called the radius. 

 

4.5.2.1 To find the equation of right circular cylinder with radius r and equation of its axis 

be 
n

z

m

y

l

x  






 

 

Working rule 

 Step I: Find AP by using the formula of a distance between two pts. A and P i.e. 

 
222 )()()( yzyxAP    

 Step II: Find AQ the projection of the point A (  ,, ) and P(x,y,z) i.e. 

 

)(

)()()(

222 nml

nzmylx
AQ







 

 

 Step III: Put the values in  

 
222 PQAQAP   

 or 
222 AQAPPQ   

 Where PQ is radius. 
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 In brief compare the equation of axis with 
n

z

m

y

l

x  






 and find the 

values of ,,,,, ml  and n. After putting all the values in above, we get the  

required equation of a  right circular cylinder. 

 

Ex.3 Find the equation of the right circular cylinder of radius 2 whose axis passes 

through (1,2,3) and has direction cosines proportional to 2,–3,6. 

Sol. The axis of the cylinder passes through (1,2,3) and has d.r.'s 2,–3,6 hence its 

equations are 

 6/)3()3/()2(2/)1(  zyx  .....(1) 

 Consider a point P(x,y,z) on the cylinder. The length of the perpendicular from the 

point P(x,y,z) to the given axis (1) is equal to the radius of the cylinder i.e. 2. Hence the 

equation of the required cylinder is given by [Put l=2, m = –3, n = 6;  = 1,  = 2,  = 3 and r 

= 2 in the equation (3) of the cylinder]. 

 
22 )}1(6)3(2{)}3)(3()2(6{  xzzy  

  })6()3()2{()2()}2(2)1)(3{( 22222  yx  

or )49(4)723()62()2136( 222  yxxzzy  

or 029412628042122436134045 222  zyxxyzxyzzyx  

 

Ex.4 Find the equation of the right circular cylinder of radius 2 and having as axis 

the line. 

  .2/)3()2(2/)1(  zyx  

Sol. The equation of the axis of the cylinder are 

  2/)3(1/)2(2/)1(  zyx  .....(1) 

 Consider a point P(x,y,z) on the cylinder. The length of the perpendicular from the 

point P(x,y,z) to the given axis (1) is equal to the radius of the cylinder i.e. 2. Hence the 

required equation of the cylinder is given by  

 
2222 })2(2)1(1{)}1(2)3(2{)}3.(1)2(2{  yxxzzy  

   = })2()2()2.{()2( 2222   

or 36)32()422()12( 222  yxxzzy  
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or 010141622484585 222  zyxxyzxyzzyx  

 

Ex.5 Find the equation of the right circular cylinder whose axis is x-2=z, y = 0 and 

which passes through the point (3,0,0) 

Sol. The equations of the axis of the cylinder may be written as  

  .1/)0(0/)0(1/)2(  zyx  

 First we shall find the radius r of the cylinder. 

 We know that 

 r = the length of the perpendicular from a point (3,0,0) on the cylinder to the axis 

(1).  

 ]}0.1)23.(0{)}23.(10.1{)0.00[(
})1()0()1{(

1 222

222



 

 2/1 . 

 Consider a point P(x,y,z) on the cylinder. The length of the perpendicular from the 

point P(x,y,z) to the given axis (1) is equal to the radius of the cylinder. Hence the required 

equation of the cylinder is given by. 

 )101()2/1(}.1)2.(0()}2.(1.1{}.0.1{ 222  yxxzzy  

or 1)2( 222  yxzy  

or 034422 222  zxzxzyx  

Ex.6 Find the equation of the right circular cylinder which passes through the circle 

.3,9222  zyxzyx  

Sol. The equation of the guiding circles  are 

  9222  zyx   .....(1) 

 and       3 zyx .  .....(2) 

 Since the cylinder is a right circular cylinder, hence the axis of the cylinder will be 

perpendicular to the plane (2) of the circle and so the d.r.'s of the axis of the cylinder are 1,-

1,1. 

 Let ),,( 111 zyxP  be a point on the cylinder. The equations of the generator through 

),,( 111 zyxP  having d.r.'s 1, –1, 1 are 

 rzzyyxx  1/)()1/()(1/)( 111  (say) .....(3) 
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  (1) and (2), and so we have 

 9)()()( 2
1

2
1

2
1  zryrxr  

and 3)()()( 111  zryrxr  

or 0)9()(23 2
1

2
1

2
1111

2  zyxzyxrr  .....(4) 

 )3(
3

1
111 zyxr    .....(5) 

 Eliminating r between (4) and (5), we get 

 .3)9())(3(
3

2
)3(

3

1 2
1

2
1

2
1111111

2
111  zyxzyxzyxzyx  

or 9111111
2
1

2
1

2
1  yxxzzyzyx  

 The locus of ),,( 111 zyxP  or the required equations of the cylinder is 

 9222  xyzxyzzyx  

 

CHECK YOUR PROGRESS : 

 

Q.1 Find the equation of the cylinder whose generators are parallel to the line 

321

zyx



  and the guiding curve is 0,12 22  zyx  

[Ans. )0382)2(3 222  yzzxzyx ] 

Q.2 Find the equation of the cylinder whose generators are parallel to the line 

32

zy
x 


  and the guiding curve is the ellipse 3,12 22  zyx  

[Ans. ]0241624628363 222  zyxzxyzzyx  

Q.3 Find the equation of the right circular cylinder of radius 2 and whose axis is the line 

1

3

2

1 


 z

z

yx
. 

[Ans. 05974308461213510 222  zyxzxyzxyzyx ] 

 

***** 
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UNIT V 

CONICOID AND THEIR PROPERTIES 

Structure 

5.1 Central Conicoid and paraboloids. 

5.2 Plane section of conicoids. 

5.3 Generating lines 

5.4 Confocal conicoid 
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5.1 Central Conicoid and paraboloids. 

5.1.1 Definition of Conicoid :- The surface represented by the general equation of 

second degree in three variables i.e.. 

 022222222  dwzvyuxhxygzxfyzczbyax z) y, F(x, 2  

represents  conicoid   

5.1.2. Different forms of conicoid - 

 (1)  1
2

2

2

2

2

2


c

z

b

y

a

x
  (an ellipsoid.) 

 (2)  1
2

2

2

2

2

2


c

z

b

y

a

x
 (One sheet hyperboloid.) 

 (3)  1
2

2

2

2

2

2


c

z

b

y

a

x
  (Two sheets hyperboloid) 

 (4) 
22

2

2

2 2

c

z

b

y

a

x
    (Elliptic paraboloid) 

 (5)   
22

2

2

2 2

c

z

b

y

a

x
   (Hyperboloid paraboloid )   

 

5.1.3 Tangent lines and tangent plane to a conicoid  

 Definition: A line which meets a conicoid in two coincident points is called 

the tangent line to the conicoid and the locus of the tangent lines to a 

conicoid at a point on it is called tangent plane at that point. 

Note - If 1222  czbyax  is the equation of conicoid and let   ,,  be a point 

on it, then the equation of tangent plane at point   ,,  is given by 

1 zcbxa   

 

5.1.4 Condition of tangency  

Let the equation of central conicoid is = 13 222  czyax   .....(1) 

and let the equation of given plane is pnzmylx     .....(2)  
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Now we know that the equation of tangent plane to the conicoid (1) at point   ,,  

is. 1 zcybxa      .....(3) 

 So if (2) is tangent plane to (1), then (2) & (3) represent the same plane, so  

on comparing the coefficients we get  

 
cp

n

bp

m

ap

l

pn

c

m

b

l

a
 


,,

1
 

Now by our supposition point   ,,  line on (1), we have  

  1222   cba  

on putting the value of  ,,  we get  

 1

222




























cp

n
c

bp

m
b

ap

l
a  

 2
222

p
c

n

b

m

a

l
    .....(4) 

Which is required condition that the plane (2) touches to (1) 

Note (1) Equation of tangent plane to conicoid (1) is obtained by putting the value of p 

from (4) in (2)   

 
c

n

b

m

a

l
nzmylx

222

  

Note (2) The conditions when the plane (2) touches  the Ellipsoid 

 1
2

2

2

2

2

2


c

z

b

y

a

x
 

is 2222222 pncmbla   

and equation of tangent plane is  

 222222 ncmblanzmylx   

Note (3) Equation of tangent plane to the paraboloid  czbyax 222   at the point 

  ,,  is given by )(   zcybxa and the condition that the plane (2) touch 

to the paraboloid is given by  

 0
222


c

np

b

m

a

l
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 and equation of tangent plane is given by  

 0)()(2
22


b

m

a

l
cxzmylxn  

 

Solved Examples 

      Based on tangent plane & condition  

 

Ex.1 Find the equation of tangent plane to the conicoid 

 )1,0,1(int5362 222 potheatzyx   

Sol. Equation of tangent plane to the given coniocid at   ,,  is 

  5362  zyx   

 According to question 1,0,1    

Required  equation is 

  532  zx  

Ex.2 Prove that the plane 0176123  zyx  .....(1) 

 touches the conicoid 017963 222  zyx   .....(2) 

 Also find the point of contact  

Sol. Equation of plane to the given conicoid at   ,, is 

  17963  zyx   .....(3)  

 If (1) Touches to (2) then (1) and (3) represent the same plane so on comparing 

the coefficients we get  

  
17

17

6

9

12

6

3

3











 

  = 1
2

3

2






  

  = 3/2,2,1    

  Plane (1) touches (2) at point (-1, 2, 2/3).  

 

Ex.3 Find the equation of tangent planes to the elipsoid 60357 222  zyx  which 

pass through the line .035,30107  zyyx  
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Sol. Any plane through the line 035,030107  zyyx  is given by 

  0)35()30107(  zyyx   

 or .303)510(7  zyx    .....(1) 

 If it touches the ellipsoid 

 60357 222  zyx  or 1
60

3

60

5

60

7 222  zyx   .....(2) 

 then the condition of tangency p
c

n

b

m

a

l


222

 gives 

  2
222

)30(
3

)3(60

5

)510(60

7

)7(60









 

 or 900)9(20)25100100(12420 22    

 or 0352 2    or 0)32)(1(    

 or 
2

3
,1   

  From (1) the required tangent planes are 

  5091014;30357  zyxzyx  

 

Ex.4 Show that the plane 422  zyx  touches the paraboloid zyx 2443 22  . 

Find the point of contact. 

Sol. Let the plane   422  zyx     .....(1) 

 touches the paraboloid  zyx 2443 22      .....(2) 

 at the point (). 

 The equation of tangent plane to (2) at the point () is given by 

  )(1243 yzyx   

or   121243  zyx     .....(3) 

 Since equation (1) and (3) represent the same plane, and so comparing (1) and 

(3), we get 

  2,3,2
4

12

2

12

2

4

1

3








 


 .....(4) 

 Again since () lies on (2), we have  2443 22   .....(5) 
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 Since values of  given by (4) satisfy (5), so the plane (1) touches the 

praboloid (2) at (), and from (4) the co-ordinates of point of contact are (2,3,2). 

 

Ex. 5. Find the condition that the plane 1 nzmylx  may be a tangent plane to the 

paraboloid zyx 222   

Sol. Let the plane 1 nzmylx     .....(1) 

 touch the paraboloid   zyx 222     .....(2) 

 at the point () 

 Now the equation of the tangent plane to (2) at the point () is 

   zyx  or   zyx    .....(3) 

 Since equation (1) and (3) represent the same plane, and so on comparing (1) 

and (3), we get 

 
1

1 





nml
 or 

nn

m

n

1
,,

1
     .....(4) 

 Also, since () lies on the paraboloid (2), we have  222   

   ,
1

2
1

22





























nn

m

n
 [From equation (4)] 

   022 2222  nmlnml  

 which is the required condition. 

  

CHECK YOUR PROGRESS : 

 

Q.1 Find the equation of the tangent plane to the conicoid 25645 222  zyx  at 

 the point (1, -1, 2).  

Q.2 Find the point of intersection of the straight line 
7

11

1

4

3

5 







 zyx
 and the 

conicoid 771713 222  zyx  

Q.3 Find the condition under which the plane 1 zyx   may touch the 

conicoid 1/// 222222  czbyax  
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Q.4 Find the equation of tangent  at the point (2,0,2) to the paraboloid zyx 222   

 

5.1.5 Normal - A line through a point P on a conicoid perpendicular to the tangent 

plane at P is called the normal to the conicoid at P. 

 

5.1.6 General equation of the normal to the conicoid 1222  czbyax  at any 

point  () . 

 Given equation of conicoid 1222  czbyax    .....(1) 

 Equation of tangent plane at () is zcybxa    = 1 .....(2) 

 Now as we know that the direction cosines of the normal is proportional to 

 cba ,, . 

  Equation of normal to the conicoid (1) at () is 

 












c

z

b

y

a

x






    .....(3) 

 If p is the length of the perpendicular from the origin to (2) the 

 
222

2

222 )()()(

1

)()()(

1

 cba
p

cba
p





  

 222 )()()( pcpbpa   =1    .....(4) 

 From (3) & (4) it is clear that the direction cosines of the normal is 

pcpbpa  ,,  

  required equation of normal is 

 
pc

c

pb

y

pa

x











 






 

Note (1) Equation of normal to the conicoid (ellipsoid) 

 1
2

2

2

2

2

2


c

z

b

y

a

x
 at point () is given by 

 
)/()/()/( 222 cp

z

bp

y

ap

x











 






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Note(2) Equation of normal to the paraboloid czbyax 222   at point () is given 

by 

 
c

z

b

y

a

x









 








 

 

5.1.7 Number of normal drawn from a point (x1,y1,z1) to a conicoid. 

 Let the equation of conicoid be 1222  zbyax  and let the given point be 

(x1,y1,z1).    .....(1) 

 Now we know that the equation of normal to conicoid (1) at point () is 

 












c

z

b

y

a

x 






   .....(2) 

 Since the normal (2) passes through the point (x1,y1,z1) we have 

 r
c

z

b

y

a

x




















 111  (say)   .....(3) 

 
cr

z

br

y

ar

x










1
,

1
,

1

111     .....(4) 

 From (1) and (4) 

 1
111

2

1

2

1

2

1 






























 cr

z
c

br

y
b

ar

x
a   .....(5) 

 

 Clearly equation (5) gives six values of r, hence we can determine 6 points on 

conicoid corresponding to each value of r. 

  Six normal can be drawn from a point. 

Note: In the same way we can prove that five normals can be drawn from a point 

to paraboloid  czbyax 222   

 

SOLVED EXAMPLES 

 

Ex.1 Find the equation of tangent and normal at the point (2,0,2) on the paraboloid  

zyx 222   
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Soln. Equation of normal at point () to zyx 222   is 

 
1







 







 zyx
 

 According to question    = 2,  = 0,  = 2 

 Required equation is 
1

2

0

0

2

2









 zyx
 

 Similarly equation of tangent is 

 x + y = (z + ) 

   2x = z + 2 

   2x – z = 2 

 

Ex.2 Prove that the lines drawn from the origin parallel to the normal to the conicoid 

1222  czbyax  at points lying on its curve of intersection with the plane 

pnzmylx   generate the cone 

 
























b

my

a

lx

c

z

b

y

a

x
p

222
2

 

Sol. Let () be any point on the curve  

 1222  czbyax , pnzmylx     .....(1) 

  Equations of normal at the point () to the conicoid 1222  czbyax  

 












c

z

b

y

a

x 






    ...(2) 

 Equations of the line passing through origin and parallel to the normal (2) are 

 
 c

z

b

y

a

x
     .....(3) 

 Since  () satisfies both the equations of (1), we have 

 pnmlcba   ,1222    .....(4) 

 From (4), on making homogeneous to the first equation with the help of second 

equation, we have 
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2

222








 


p

nml
cba


  

  locus of the line (3) is 

2222
2








 

















p

nzmylx

c

z

b

y

a

x
p  which is the 

required equation of required cone. 

 

Ex.3 Find the equation of the normal at (4,3,5) on the paraboloid zyx  22

3

1

2

1
. 

Sol. The equation of the given paraboloid is  

 zyx  22

3

1

2

1
 or zyx 623 22  .    .....(1) 

 The equation of the tangent plane to the paraboloid (1) at (4,3,5) is 

 )5(3)3(2)4(3  zyx  or .524  zyx  

 The required normal in the line through (4,3,5) at right angle to the tangent plane 

given by (2). Hence the required equation of the normal is 

 
1

5

2

3

4

4











 zyx
 

  

 

 

5.1.8 Plane of contact 

 The equation of tangent plane at the point (x',y',z') to the conicoid  

1222  czbyax  is axx' + byy' + czz' = 1. So if the plane passes through a point 

() then 1'''  zcybxa   

  Required plane of contact for point () is given by 

 1 zcyxa   

5.2 Plane section of conicoid 

 Introduction: We know that all plane section of a conicoid are conics and that 

sections by parallel planes are similar and similarly situated conics. If the plane passes 
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through the centre of conicoid, the section of conicoid is said to be a central plane 

section. 

 

5.2.1 Nature of plane section: Let the equation of central conicoid be 

1222  czbyax  and the plane be lx + my + nz = p 

 Then the nature of the plane section of a central conicoid is an ellipse, parabola 

or hyperbola according. 

 0,
222

 or
c

n

b

m

a

l
 

 

5.2.2 Area of the central plane sections 

 Ao = 
222

222

21

abncambcl

nml
rr




    .....(1) 

 If p is the length of the perpendicular drawn from the origin to the parallel 

tangent plane to conicoid 1222  czbyax  then we have 

 p = 
222

222 ///

nml

cnbmal




   .....(2) 

 From (1) & (2) we have 

 Ao = 
abcp


 

Note(1) - If the conicoid be an ellipsoid   1
2

2

2

2

2

2


c

z

b

y

a

x
, then required area is 

obtain by replacing a,b,c with 
222

1
,

1
,

1

cba
 respectively 

 Required area is Ao = 
p

abc
 

Note(2) Area of non central plane section is to be obtained by replacing a,b,c by 

222
,,
d

c

d

b

d

a
 respectively in Ao where d

2
 = 

2
0

2

1
p

p
  
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 Here 
c

n

b

m

a

l
p

222
2
0   

 

CHECK YOUR PROGRESS : 

 

Q.1 Find the equation of the normal at the point (4,3,3) on the paraboloid 

 z
yx


94

22

 

Q.2 Prove that in general three normals can be drawn from a given point to the 

paraboloid of revolution x
2
 + y

2
 = 2az, but if the point lies on the surface. 

 27a ( x
2
 + y

2
) + 8(a - z)

2
 = 0 two of them coincide. 

Q.3 Find the equation of the normal at point (4,3,5) on the paraboloid 

zyx  22

3

1

2

1
 

Q.4 Find the equation of normal to the ellipsoid 3x
2
 + y

2
 + 2z

2
 = 7 at the point        

(1,–2,0). 

Q.5 Find the equation of the normal to the hyperboloid of one sheet 4x
2
 -3y

2
 + z

2
 = 2 

at the point (1,1,1). 

 

5.3 Generating lines 

5.3.1 Definition of Generating lines 

 A surface which is generated by a moving straight line is called ruled surface 

and the straight line is called generating line. 

 

5.3.2 Nature of ruled surface 

 Surface on which consecutive generating lines intersect is called developable 

surface. Eg. cone while surface on which consecutive generating lines do not intersect 

is called a skew surface eg. hyperbolic paraboliod. 

 Working rule to find generators of a conicoid which passes through a point 

(). 
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 Step I- Take an equation of straight line which passes through the point () 

by supposing that the d.c's are l,m,n i.e.  

 
n

z

m

y

l

x  






   .....(1) 

 Step II- Find the coordinates of a point lies on (1) by equating (1) with r (a 

constant) i.e.   

 r
n

z

m

y

l

x








 
                                             ……..(2) 

   lrmrlr   ,,  lies on (1)   

 Step III- coordinates of the point satisfies the equation of conicoid ( as the point 

lies on conicoid.) , so put 

 nrzmrylrx   ,,  in the  equation of conicoid. 

 Step IV- Equate the coefficient of r and r2  with zero. 

 Step V- Solve the obtained relation for l,m,n. 

 Step VI- Put the values of l,m,n in (2) to obtained the  required generating lines. 

 

Ex.1 Find the equation of the generators of the hyperboloid 1
2

2

2

2

2

2


c

z

b

y

a

x
 which 

pass through the point )0,sin,cos(  ba  

Sol. The given hyperboloid is 

 1
2

2

2

2

2

2


c

z

b

y

a

x
   .....(1) 

 Let l,m,n be the direction cosines of the generator. Then the equation of the 

generator through )0,sin,cos(  ba are given by 

 r
n

z

m

by

l

ax








 0sincos 
 (say). .....(2) 

 Any point on (2) is ).,sin,cos( nrbmralr    If it lies on (1), then  

 1
)sin()cos(

2

22

2

2

2

2







c

rn

b

bmr

a

alr 
 

 or 0
sincos

2
2

2

2

2

2

2
2 

















 r

b

m

a

l

c

n

b

m

a

l
r


 .....(3) 
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 If the line (2) is a generator of hyperboloid (1), it will lie wholly on (1) and for 

this the relation (3) will be an identity in r, for which we have 

  0
2

2

2

2

2

2


c

n

b

m

a

l
  .....(4) 

 and 0/sin/cos  bmal   

 or ).(
cossin

sayk
b

m

a

l



 .....(5) 

 Putting for l and m from (5) in (4), we have 

 ckncnk  0/)cos(sin 22222   

 
c

n
k     .....(6) 

 From (5) and (6), we get 

 
c

n

b

m

a

l







 cossin
 

 Putting for l,m,n in (2), the required equations of the generators are 

 
c

z

b

by

a

ax



















cos

sin

sin

cos
 

 

Ex.2 Find the equations to the generating lines of the hyperboloid 1
1694

222


zyx

, 

which pass through the point (2,3,–4). 

Sol. The given hyperboloid is 1
1694

222


zyx

 .....(1) 

 Let l,m,n be the d.c.'s of the generator. Then, the equation of the generator 

through (2,3,–4) are 

 r
n

z

m

y

l

x








 432
 (say)  .....(2) 

 Any point on (2) is ).4,3,2(  nrmrlr  If it lies on (1), then 

  1)4(
16

1
)3(

9

1
)2(

4

1 222  nrmrlr  
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 or 0
432

2
1694

222
2 

























nmlnml
r  .....(3) 

 If the line (2) is a generator of (1) then (3) will be an identity in r, for which we 

have 

  0
1694

222


nml

  .....(4) 

 and 0
432


nml
.  .....(5) 

 Eliminating n, between (4) and (5), we have  

  00
3294

222









 lm

mlml
 

   either l = 0 or m = 0 

 When l = 0, then from (5), we have  

 0
43


nm
 or .4/3/  nm  

 Thus, the d.c.'s of one generator are  

 4/3/0/  nml  

 When m = 0, then from (5) 

 
21

0
42 


nlnl

 

 So the d.c.'s of the other generator are given by 

 2/0/1/  nml   .....(7) 

 Hence the equation of the two generators through the point (2,3,–4) are given by 

  
4

4

3

3

0

2









 zyx
 

 and 
2

4

0

3

1

2









 zyx
 [from (2)] 

 

 

CHECK YOUR PROGRESS : 
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Q.1 Find the equation of generating lines of the hyperboloid 0632  xyzxyz  

which passes through the point (–1, 0, 3). 

 [Ans. 
3

3

1

0

1

1
,

0

3

1

0

0

1 













 zyxzyx
] 

 

Q.2 Find the equation of generating lines of the one sheet hyperboloid 

 1
1694

222


zyx

 which passes through the point (2,–1,4/3) 

 [Ans. 
10

3/4

6

1

3

2
,

4

3/4

3

1

0

2 















 zyxzyx
] 

 

 

5.4 Confocal Conics 

5.4.1 Definition: The conicoid whose principal section are confocal conics are called 

confocal conicoids. Thus 

 1
2

2

2

2

2

2








  c

z

b

y

a

x
  .....(1) 

 represent the general equation of a system of confocal conicoid to the ellipsoid. 

 1
2

2

2

2

2

2


c

z

b

y

a

x
  .....(2) 

 where  is a parameter. 

 Special cases : When a>b>c and    

 Case 1: When  < 0 then the surface (1) is an ellipsoid. 

 Case 2: When   then we have sphere of radius infinity. 

 Case 3: When  > 0 and  < C
2
, surface is an ellipsoid but when 2c  from 

the left, ellipsoid tends to ellipse. 

 0,1
22

2

22

2







z
cb

y

ca

x
  .....(3) 

 In xy-plane 

 Case 4: When 
22 bc    then surface is a hyperbolid of one sheet, since 

02 c . 
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 Case 5: When 2c (from the right) the surface becomes ellipse (3) while 

2b  (from the left) it becomes hyperbola. 

 1,0
22

2

22

2








cb

z

ba

x
y   .....(4) 

 in zx-plane. 

 Case 6: When ,22 ab    then surface is a hyperboloid of two sheets, since 

0,0 22   cb . While  2b  it becomes hyperbola.  

 Case 7: When 2a , ,22 ab   (from the left), surface reduce to the 

imaginary ellipse. 

 1,0
22

2

22

2








ca

z

ba

y
x    

 Case 8: When 2a , the surface is always imaginary. 

 

5.4.2 Confocal through a given point 

 Let the given conicoid be 

 1
2

2

2

2

2

2


c

z

b

y

a

x
 (a>b>c)  ....(1) 

 and let the equation of a conicoid confocal to (1) be 

1
2

2

2

2

2

2








  c

z

b

y

a

x
  .....(2) 

 Let the confocal conicoid (2) passed through a point P() say, then we have 

 1
2

2

2

2

2

2








 











cba
 

 This is a cubic equation in , so it gives three values of  which indicate that 

three confocal conicoid passes through point P. Let the values of  be 1, 2, 3 in 

such a way that  

 3
2

2
2

1
2   cba , then  

 Case 1: If  = 3 the surface  is an ellipsoid. 

 Case 2: If  = 2 the surface is a hyperboloid of one sheet. 
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 Case 3: If  = 1 the surface is a hyperboloid of two sheets. 

 

5.4.3 Condition of confocal touching to a given plane 

 Let the given plane be  

 pnzmylx    .....(1) 

 and the given confocal conicoid be   

 1
2

2

2

2

2

2








  c

z

b

y

a

x
, then the required condition of tangency is given by 

 2222222 )()()( pcnbmal    

 

5.4.4 Confocal Cut at Right Angles. 

 Let ),,( 111 zyxP  be a common point of the confocals. 

 1
1

2

2

1
2

2

1
2

2








  c

z

b

y

a

x
  ..... (1) 

 and 1
2

2

2

2
2

2

2
2

2








  c

z

b

y

a

x
 .....(2) 

 Substituting ),( 11,1 zyx  in both equations (1) and (2), and substracting, we get 

 2
1

2
2

1
2

11
x

ad 
















 
 + 2

1

2
2

1
2

11
y

bb 
















 
 + 0

11 2
1

2
2

1
2




















z

cc 
 

or 0
))(())(())((

)(
2

2
1

2

2
1

2
2

1
2

2
1

2
2

1
2

2
1

12 




















cc

z

bb

y

aa

x
 

or 0
))(())(())(( 2

2
1

2

2
1

2
2

1
2

2
1

2
2

1
2

2
1 







  cc

z

bb

y

aa

x
 .....(3) 

      [ 12   ] 

 The equation of tangent planes at the common point ),,( 111 zyx  of the confocals 

(1) and (2) are respectively. 

  1
1

2
1

1
2

1

1
2

1 






  c

zz

b

yy

a

xx
    .....(4) 
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 and 1
2

2
1

2
2

1

2
2

1 






  c

zz

b

yy

a

xx
    .....(5) 

 If planes (4) and (5) cut one other at right angle, then 

 0
))(())(())(( 2

2
1

2

2
1

2
2

1
2

2
1

2
2

1
2

2
1 







  cc

z

bb

y

aa

x
 

 which in same as (3). Thus the tangent planes at ( 1,11, zyx ) to the confocals are at 

right angles. 

 Hence two confocal coincoids  cut one another at right angles at their common 

points.  

 Cor. The tangent planes at a point, to the three confocals which pass through it, 

are mutually at right angles. 

 

5.4.5 Confocals Through a Point on a Conicoid. 

 Let ),,( 111 zyxP  be any point on the conicoid 

 1
2

2

2

2

2

2


c

z

b

y

a

x
  .....(1) 

 If P be on the confocal whose parameter is , we have 

 .1
2

2
1

2

2
1

2

2
1 







  c

z

b

y

a

x
 

 Then the parameters of the confocals through P, are given by the following two 

equations: 

 .1
2

2
1

2

2
1

2

2
1 







  c

z

b

y

a

x
= 

2

2
1

2

2
1

2

2
1

c

z

b

y

a

x
  

i.e., 0
111111 2

122

2
122

2
122




































z

cc
y

bb
x

aa 
 

i.e., 0
)()()( 22

2
1

22

2
1

22

2
1 















 


cc

z

bb

y

aa

x
 

i.e., 0
)()()( 22

2
1

22

2
1

22

2
1 







  cc

z

bb

y

aa

x
 .....(2) 

      [ 02  ] 
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 Now the equation of the central section of the given conicoid parallel to the 

tangent plane at P is  

 0
2
1

2
1

2
1 

c

zz

b

yy

a

xx
  .....(3) 

and the squares of the semi-axes of this section are given by 

 0
)()()( 222

2
1

222

2
1

222

2
1 







 rcc

z

rbb

y

raa

x
, which is same as (3). 

 Therefore the values of  are the squares of the semi-axes of this section. 

 Again the direction cosines l,m,n of the semi axis of length r are given by 

 
)/()/()/( 22

1
22

1
22

1 rcz

n

rby

m

rax

l








, so that the axis is parallel to the 

normal at ),,( 111 zyxP to the confocal conicoid. 

 It follows that the parameters of two confocals through any point P of a conicoid 

are equal to the squares of the semi-axes of the central section of the conicoid which is 

parallel to the tangent plane at P, and the normals at P to the confocals are parallel to 

the axes of that section. 

 

SOLVED EXAMPLE 

 

Ex.1 Show that the product of the eccentricities of the focal conics of an ellipsoid in 

unity. 

Sol. Let the given ellipsoid be 

 )(1
2

2

2

2

2

2

cba
c

z

b

y

a

x
   .....(1) 

 and let it confocal conicoids be 

 1
2

2

2

2

2

2








  c

z

b

y

a

x
  .....(2) 

  being a parameter. Then the equation of confocal ellipse and confocal 

hyperbola of the confocal conicoides (2) are respectively: 

 1,0
22

2

22

2








cb

y

ca

x
z   .....(3) 
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 and 1,0
22

2

22

2








cb

z

ba

x
y   .....(4) 

 Let e1 and e2 be eccentricities of the confocals (3) and (4) respectively, then 

 ,1 2
122

22

e
ca

cb





 i.e., 

22

22

1
ca

ba
e




  

 and  ,12
222

22





e

ca

cb
 i.e., 

22

22

2
ba

ca
e




  

 Hence the product of eccentricities 

 = e1.e2 

 = 
22

22

ca

ba




.

22

22

ba

ca




=1 

 

CHECK YOUR PROGRESS : 

 

Q.1 Show that two confocal paraboloids cut everywhere at right angles. 

Q.2 Prove that three paraboloids confocal with a given paraboloid pass through a 

given point, of which two are elliptic and one is hyperbolic. 

Q.3 Prove that the locus of plane section of a confocal conicoid of the given conicoid 

is a straight line. 

 

******* 

 

  

 


