UNIT : 1
PRODUCT OF VECTORS AND
VECTOR DIFFERENTIATION




UNIT-1
BLOCK INTRODUCTION

In previous courses students have already been studied the concepts of
dot and cross product of two vectors. In the present block initially a brief review
of basic concepts and some useful formulae are given to recall the matter. In the
second phase of this block we introduce the concepts of product of three and
four vectors in a simple manner followed by illustrated examples.

Object :- At the end of this block the reader would be able to understand

the said concept.
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1.0 Introduction

In Physics and Geometry we generally deal with the different physical
guantities e.g. length, mass, volume, density, weight, velocity, force etc.
According to the basic properties of these quantities, they are classified into two
types viz. scalar and vector quantities.

Physical quantities which have only magnitude but have no definite
direction are defined as scalars while those having both magnitude and direction

defined as vectors.

1.1 Brief Review

We know :

- = .
(1) a.b= abcos#, ascalar quantity .

(2) gxgz absing.f, a vector quantity where A is a unit vector L to the
plane of vectors 2 and b .

(3) If |a|=1then a is called unit vector.

(4) a.b.=b.a i.e. dot product is commutative

5)  b.(b+

6) Ti=jj=kk=1

(7) Tj=jk=ki=0

(8)  Two vectors are said to be mutually perpendicular if a.b=0

(9)  Two vectors are said to be parallel or collinear if a =1 b where 1is a

scalar.

(10) If axb=0 then vectors a and b are parallel. Also @ x & =0

I.e. [every vector is parallel to itself]



(11)
(12)

(13)
(14)

(15)

and

1.2

- - - -
axb# b xa butb x a=—(axb)

- o> - - > -5 -
ax(b+c)=axb+axc

- - - - -
If a = alf+azj7+a3k and b = bll +b2] +b3k then a. b= albl +azb2+a3b3

N iJ Kk
axb=la a, a,
b b, Dby

SCALAR TRIPLE PRODUCT: The product of two vectors one of

which is itself the vector product of two vectors is a scalar quantity called

scalar triple product. In short if b, care three vectors, then a (bx¢)is called

scalar triple product. Symbolically, it is denoted by [abc]
THINGS TO REMEMBER

NOTE-1 (ab) x¢ is meaningless since (ab) is not a vector quantity.

NOTE-2  4(bxc)=(bx¢c).d

NOTE-3  a.(bxc)=(axb).c

e

NOTE-4  Volume with coterminous edges a,b,cof a parallelopiped

—4(

€ )=[abc]

> > >

NOTE-5  Scalar triple product of vectors a,b,calso represent as [abc]

=[bca] = [cab]

NOTE-6  [abc] = —[bac] = — [acb] 1i.e. sign is changed provided the cycle

order be changed .

—

NOTE-7  [ijk]=7.GxK =i.i=1



NOTE-8
NOTE-9

> > >

. . -> > -
Three vectors a, b, c are said to be coplanar if [a,b,c]=0.

Determinant form of scalar triple product of vector
a=a,i+a,j+a,k, b=bi+b,j+bk and c=c,i+c,j+c,k is given

by

[abc]=b, b, b,

G, C G

NOTE-10 Scalar triple product [abc] = 0 when two of them are equal i.e. [aac]

=[abb] = [aba] etc. =0

SOLVED EXAMPLES

EX.1 If a=2i+j+3k, b=—i+2j+Kk and c=3i+]+2k , find a(oxc)

Sol. Here

Bxc)=|-1 2 1|=37+5]-7K

3 1 2
therefore aloxc) =  (2i+j+3k) .(3i+5j-7k)
= 2.3+1.5+3.(-7) *+i.j =0 etc.
=  6+5-21 i =1=j% =k?
= -10. Ans.
Alternative method :



2 1 3
ax(bxg) = -1 21
3 12
=  2(4-1)-1(-2-3) +3(-)-6)
= 6+5-21
= -10 Ans.

Ex.2 Show that the vectorsa=i+3j+k, b=-2i—j—k and ¢=7]j+3kare

parallel to the same plane.

1 3 1
Sol. [abc]=]2 -1 -1=1(-3+7)-2(9-7)=4-4=0 [See note 10]
0 7 3

so the vectors are coplanar i.e. parallel to the same plane .

EX 3 Find the volume of a parallelopiped whose edges are represented by

a=2i —3j+4k, b=i+2j-k and ¢ =3 - j+2k .

Sol. The required volume V=[ab ¢]

2 -3 4
abxc)=l 2 -1=2(4-1)+32-3)+41-6)=6+15-28=-7=7
3 -1 2

EX 4. Show that three points a—2b+3c,—2a+3b—4canda —3b+5c are coplanar .
Sol. Let A=a-2b+3c, B = -2a+3b—4c, C = a—3b+5¢
Then [[ABC]= A (BxC)
=(a-2b+3c) .[ (-2a+3b—4c)x(a—-3b+5c)]
= (a-2b+3c) .[ 6(axb)-10 (axc)+3(bxa)+15(bxc)—4(cxa)+12(cxb)]
=(a-2b+3c).[3(axb)+6(cxa)+3(bxc)] {see note 13(1.1)}
=Jaab] + 6[aca] + Jabc] — 6[bab] —12[bca] — 6[bbc] + 9[cab] +18[cca] + 9[cbc]

=3[abc] —12[bca] + 9[cab] {see note 10}



The vectors A Band C are coplanar .

EX 5. Prove that [a+b,b+c,c+a] = 2[abc]

Soln.

LHS. =[a+b,b+c,c+a]

=(a+b).[(b+c)x(c+a)
=(a+b).[oxc+bxa+cxa]-.-cxc=0

=a(bxc)+a.(bxa)+a.(cxa)+b.(bxc)+b.(bxa)+b.(cxa)

=[abc]+[aba] +[aca]+[bbc]+[bba] +[bca]

=[abc]+[bca] {note 10}
=[abc]+[abc]
= 2 [abc] Hence Proved.

CHECK YOUR PROGRESS :

Q.1

Q.2

Q.3

Q.4
Q.5

If a=-2i-2j+4kb=-2i+4j-2kand ¢ =4i-2j-2k then evaluate a.(bxc)
and interpret the result [Ans 0]

Find the value of 4 so that the vectors 2i+ j+k,i+2j+3k and 3i +4j+5k
are coplanar. [Ans. -4]

Show that if &b,care non coplanar than a+b,b+¢,c+aare also non
coplanar. Is this true for @a—b,b+¢,c+a?

If & b,care non coplanar vectors then show that [axb bxc cxa] = [abc]’.
Show that the four points &b,candd are coplanar if
[bcd]+[cad]+[abd]=[abc].

1.3 VECTOR TRIPLE PRODUCT :

Definition:- The vector product of two vectors one of which is itself the vector

product of two vectors is a vector quantity called vector triple product. In short



if 4 b,care three vectors , then éx(ﬁxé)and(éxﬁ)xé are called vector triple
product .

THINGS TO REMEMBER :

Note 1. ax (b xc)=(ac)h —(ab)e

Way to remember : éx(ﬁxé)z (outer . remote) adjacent — (outer . adjacent)

remote

Where a=outer, b= adjacent , c= remote.

Note 2. (bxc)xa=-ax(pxcl= - [(@ac)b-(ab)c]

(b.a)c - (c.a)b

-[(@.8)b - (a.b)c] = (b.4)E - (€.4)b

SOLVED EXAMPLES

Ex. 1 Verify that ax(bx¢)=(ac)b—(ab)c, given that

d=i+2j+3k,b=2i- j+k and ¢=3i+2j-5k

Soln . Here
i j K
bx&=2 —1 1|=3i+13i+ 7ktherefore
3 2 5
i ] ok
naxxe)=l 2 3=-25i42j+7k e (1)
3 13 7
Now A.C=(i+2j+3k).(3i+2j-5k)=-8

similarly  ab=(i+2j+3k).(2i- j+k )=3
(a.¢)b (a.b)c=-8(2i- j+k )-3(3i+2j-5k)
=-25i+2j+7k (2)
from (1) and (2)

ax(bxc)= (@) b-@Eb)¢c verified

10



Ex. 2 Prove that ax(bx¢)+bx (€xa)+¢x(@xb)=0

Soln. LHS. =ax(b x¢)+b x (¢ xad)+¢x (ab)

=(a.c)b -(b.a)c +(b.a)¢ -(b.c)a+(c.b)a- (c.a)b

=0 [since ab=b.a etc.]

Ex. 3 Prove that i x(@xi)+ jx(@x J)+k x (@xk)=24
Sol. We know that

ix@xi)=(i.a-(i.a)ix=a-3,

S
ol
-

Il
|

i

el

[i.i=lalsoif a=a,i +4,]+4,k the
similarly j (@j=a-4,35 ... ()
k (@K

on adding (1),(2) & (3) we get

24 .

a-ak 3)

~
I

=3a a

EX. 4 Prove that [dxb bx€¢xa] =[abc]?
Soln. Let bxc=d
Then (b x¢)x (€ xd)=d x(C x )
= (d.3)¢-(d.0)a
=[(bxc.a)c-[(bxE.c)a
= =[bca]c - [becc]c

= [beal¢ since [bec] = 0 (2)

Now [axb bxc cxa]=(axb).[(b xT) (€x4a)]

= (@xb).[becalc [by (2) ]

11



=[bca](@xb)c
[[-.-[bca] =[abc]]

Hence proved .

= [bca] [abc] = [abc]?

1.4 SCALAR PRODUCT OF FOUR VECTORS :

Definition:- Let a,b,c and d are four vectors , then (axb).xd) is a scalar
product of four vectors and in brief it is defined as

=(ac)bd)-(ad)bc)

ac ad
bc bd

(ax6)(exd)-

1.5 VECTOR PRODUCT OF FOUR VECTORS :

Definition :- Let a,b,¢ and d are four vectors , then (@xb)x(€xd) is a scalar

product of four vectors and it defined in brief as
(éxﬁ) (o} xa) = [abd]c—[abc]d = [acd]b—[bcd]a

way to remember : product = ¢ [remaining] — d [remaining].

SOLVED EXAMPLES

—

Ex.l If a=i+2j-k,b=37-4k,c=-T+]and d =2i - J+3k then find
(i)  (@xb).@€xd) (ii)(@xb) x(C xd)

—

j k
2 —1/=-8 +j+6k
0 -4

12



now (axb).(xd)=(-8i+ j-6k).(3i+3j-k)=-24+3+6=-15 Ans.
(i) (axb)x (€xd) = [abd]c - [abc]d

1 2 -1
now [abd]=3 0 -4=-4-34+3=-35
2 -1 3
1 2 -1
and [adc]=|3 0 -4=4+8-3=9
-11 0

- (@xb)x (€ xd)=-35(-i+ j) -9(2i- j+3k)=17i - 26] - 27k Ans.

Ex. 2 If the vectors a ,b, ¢, d are coplanar then show that(a xb)x (¢ xd)=0 .
Solv. We know that (axb) is a vector perpendicular to the plane of a and b .
Similarly (@©xd) is perpendicular to the plane of ¢ and d

Butd,b,¢,d are coplanar

Hence (axb) and (¢ xd) are perpendicular to the same plane in which 3b,¢,d

are coplanar.

Therefore (axb) and (¢ xd) are parallel to each other.

Hence (axb)x(€xd)=0.

Ex. 3 Prove that2a® =|axi | +|dx J > +|axk [* , where |d|=a.

Solv. [axi P=(axifaxi)="7 Sloat-@if (i)
similarly |axi *=a®-(aj?* L. (ii)
laxk [>=a®—-(aky (iii)

On adding (i), (ii), (iii) ,we get

13



‘éxf‘z +‘éx ]‘2 +‘éx IZ‘Z =3a’ —[(a.i)2 +(aj) +(a.k)2]
= 3a°-a°

= 2a° Hence proved.

1.6 RECIPROCAL SYSTEM OF VECTORS :
Definition:- The three vectors a, b, ¢ defined as

=bx¢&/[abc] b'=cxa/[abc] and c =axb/[abc] are called the reciprocal to the

vectors &,b,¢ which are non-coplanar so that [abc] = O .

THINGS TO REMEMBER :

Notel a.a =a.(bx¢)/[abc] =[abc]/[abc] =1 ,similarly b.b'=1, cc’'=1
Remark : Due to this property the word reciprocal has been used.

Note 2 a.b'=a.(C xd)/[abc]=[aca]/[abd =0, similarly a.c =0=b.c = b.a =
ca=c.b.

Note 3 If a, b, ¢ are three non-coplanar vectors then [abc] is reciprocal to
[ab c] where a,b,c are the reciprocal vectors .

[(be) (Cxa) (axb)]

Remark : [a'b'c']=
[abc] [abc] [abc]

{[bx¢cx3axb]}

[abc]3
Ex.3,1.
[abc] [abc] {by Ex.3,1.3}
N therefore [a b c] [abc] = 1, as required.
[abc]
Note 4 The system of unit vectors i, j, k is its own reciprocal, because

r:]wam=vl=i
{since jxk =1 &[i jk]=1}, similarly j=j and k'=k.

14



SOLVED EXAMPLES

Ex.1 Find a set of vectors reciprocal to the
21 + 3] -k,i -J-2k,-T + 2] +2k.

Soln Let &d=2i+3j-kb=i-j-2k ¢=-i+2j+2k
We know that by the system of reciprocal vectors as

a'=b x¢&/[abc] b'=¢ x a/[abc]and ¢' = axb/[abc]

i j k
Therefore bxc=|1 -1 -2/=2i +k
-1 2 2
I ] Kk
similarly ¢cxa=|-1 2 2[=-8+3j-7k
2 3 -
ik
and axb=[2 3 -1/=-7i +3j-5k
1 -1 -2
2 3 -1
also [abc]=1 -1 -2/=4-1=3
1 2 2

so the required reciprocal vectors are
a'=(2i+k)/3,b'=(-8i+3j—7k)/3,¢'=(~7i +3j—5k)/3.

Ex 2 Prove that (@xa')+(b xb')+(Exc')=0
Solv. We know that a =(b &)/ [abc],
therefore  (@xa' )=[ax(b xc)]/ [abc]=[(a.c)b-(a.b)c]/ [abc]

similarly ~ (bxb')=[(b.a)c-(b.c)a]/ [abc] ...

and (cxc')=[(c.b)a-(c.a)b]/ [abc] ol

set



now on adding (i), (ii), (iii),we get

Ex 3

Solv.

(@xa )+(bxb')+(€xc )=0. hence proved.

Ifa’=b x¢ / [abc] b'=c x4/ [abc]landc'=axb / [abc] , then prove that
a=(b'x¢")/[a'b'c'],b=(c" xa )/[ab c],c=(axb)/[abc].
We have b'xc  ={(€x3a)x(@axb)}/[abc]?
={dx (axb)}/[abc]? [ whered=C xa]
= {(d.b)a - (d.a)b} / [abc]? by the def. of vector triple product
= {[cab] a— [caa]b} / [abc]*  since d=cxa
= [abc Ja / [abc]? since [caa]=0
=al/fabcy . (1)
now [abc]=a".(b'xc")

={(b x¢)/ [abc]}.{a/ [abc]}, from{1}

= (bx¢).a/[abc)?

=[abc]/[abc]? =1/[abc] )
clearly from (1) & (2) we have
(b'x¢" )/[a'b'c']=a

similarly we can prove the other parts.

CHECK YOUR PROGRESS :

Q.1

Q.2

Q3
Q.4

Find the value of ax (b x¢) if the vectors are
d=i+2j-2kb=2i-j+k,=i+3j-k.Ans.20i- 3j +7K]
Verify that ax (bxc) = (a.c)b-(a.b)c where
d=i+2j+3kb=2i-j+k,=3i+2j-5ka.

Prove that ax (b xd)=(axb)xa.

Show that i x(jxk)=( x )xk =0.

16



Q.5 Prove that (b x€).(a x d)+ (€ xd).(b x d)+ (3 xb).(€ x d)=0.

Q.6 Prove that (xb)x(€xd)+(@x¢)x (dxb)+(@xd)x(bxc)=-2[bcd]a.

Q.7 |Ifab,canda,b,c are the vectors of reciprocal system, prove that
(i) aa +b.b+c.c=3.

(ii) axb+bxc+c'xa=(a+b+c)/[abc],[abc] 0.
1.7 VECTOR DIFFERENTIATION: :

1.7.1 Vector Function :

If a variable vector adepends on a scalar variable t in such a way that as t
varies in some interval, the vector a also varies ,then & is called vector function
of the scalar t and we write a = a(t) or f(t).

Ex (1) f(t) =at’i+2atj+btk (2) a(t) = cos ti+ sin tj+tan tk

1.7.2 Differentiation of Vector Function with respect to a scalar :

Let a be a vector function of a scalar t . Let s& be the small increment in a
corresponding to the small increment stint

Then sa=a(t+dt)-af()

or sa/st={a(t+dt)—a(t)} st

-

now as &t —0the vector function %tends to a limit which is denoted by d

dt
and is called the derivative of the vector function aw.r.t. t.

d _ lim ag+a)-a()

l.e. =
dd &—0 b i

1.7.3 Imp Formulae of Differentiation :

—

k% . Where K iIs constant .

@ Sl

17



d .\ di db
2y Y(3.p)=k92, 9
) dt(+> dat | dt

d(. - do . da
3) Y(p)=adl.pl@
3) dt( ) at

d( - _ db di -
4 9Y(axp)-ax® %, 5
) dt(ax) dat dt

(5) If abeavector function of some scalar t and we have

d=a,l+a,]+a,k referred to rectangular axes OX, OY, OZ then

di da, - da, . da, -
—= I+ ]+ k
dt dt dt dt

(6) If ais aconstant vector, then % =0

SOLVED EXAMPLES
Ex.1 If a=(cosnt)i +(sinnt)j , where n is constant , then show that

) da .
I adx—=nk
W) axy

.. da

1 a.—=0
(ii) "

Soln. Given a=cosnti +sinntj ... (1)

%:-nsinnt7+ncosnti ................. (ii)

o ik
now (i) a’x% =| cosnt  sinnt 0= k(n cos® nt+nsin® nt)z nk hence proved.
—nsinnt ncosnt 0

(i) é.z—? ={(cosnti+sinntj}{-nsinnti+ncosntj}

= -ncos nt.sin nt + n cos nt .sin nt

=0 Hence proved.

18



Ex.2 If a=t% -tj+(2t+1) k then find — da d”a

da

dt ' dt?’
Soln. Given a=t% -tj +(2t+1)k
therefore %=2t7-]+2§
2 =
now 48 o7 -oj+0k=2f
dt
also from (i) & (ii)
Gl at* +1+a)=\la* +5)
2__
d'a (2)2 =
Hence from (i) (ii) (iii) &(iv) at t=0, we have
da d’a .-|da d’a
d———J+2k at 5 —=2i E—\/gand dt_2_2
L . Ixdr 5
Ex.3 Showthat fxdf=———, where r=r.f
r?

. . T
Soln. Since f=—
r

r
:ldF+F(—i2drj
r r
fxdf:fx(ldr—l%de
r r

dt|

Ans

()
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Ex.4 Ifr=cos it + asint j +atana tk, then find ‘dr/dtxdzr/dtz‘and

ldr /dt,d2r /dt?,d°r /dt?

Solv. Given r=acosti+asintj+atanatk,

Thereforedr / dt =—asinti+acostj+atanek ... (1)
d?r/dt? =—acosti—asintj+0k =—acosti—asintj, ............... (ii)
and d°r/dt’ =asinti—acostj ... (i)
i i k

now (dr/dtxd?®r/dt?)=|-asint acost atana
—acost —asint 0

a’sinttanai —a® cost tanaj + a’k

therefore |dr/dtxd?r/dt*|=/|a“sin ttan” o +a* cos” ttan® o +a" |

—Jla*tan? e +a*|=a’seca Ans

—asint acost atana
}:—acost —asint 0

{dr dzrd_‘“*r
asint —acost 0

dt dt? dt®

= atanafa’cos’t+a’sin’t] = a’tana Ans

Ex.5 If a = a(t) has a constant magnitude, then show that 3 .da 4= 0

Soln. Givenahas a constant magnitude ,therefore |a|* = 4.a= constant ...... (1)
On differentiating (i) both side w.r.t. t, we get
d(@a)/ _
dt ™~ 0

20



CHECK YOUR PROGRESS :

Q.1 If r=acosawt+b sinat, then show that (i)
F x df/dt = (@ xb), (ih)d *r/dt? =- @ r.

Q.2 If F=dsinhnt+bcoshnt, where aandbare constant vectors, then show
that d°r/dt® = nr.

Q.3 If a=t3 tj+(2t+1)kandb =(2t-3)i+ j - tk, then find
d@b)dt,att=1 [Ans.6]

Q.4 Evaluate (i) d [abc]/dt (i) d/dt [a, da/dt, d?a/dt’]

Q.5 If r be the position vector of P. Find the velocity and acceleration of P at
t= 7/6 where r=secti+tant j{Ans v = (2/3)i+(4/3)j , a= 2(5i+4j)/33}

[Hint: velocity=dr/dt, acceleration = d*r/dt*]

1.8 Gradiant, Divergence & Curl :

1.8.1 Partial Derivative of Vector :
Let F(x,y)be a vector function of independent variable x and y . Then partial
derivatives of Fw.r.t. x and y are denoted by Fx and Fy resp. & defined as
Fx = /& = Lt.sx — 0{[F(x+ &,y)] - F(x,y)¥ox And
Fy = oFI&y = Ltdy — O{[F(x.y + )] - F(x.y) Y&y
Second order partial derivatives are denoted by §°F/5x% 62FIsxsy , 5°F

/5 y* means
S FIsx*=5(sFIsX)I 5,6 °FIs x5 y=5 (SFIsy)l s X,6 °FI5y*=5 (s FIsy)l 5.

THINGS TO REMEMBER :
Note 1 To find Fx , differentiate F w.r.t. x (treating other variable y as

constant). In the same way to find Fy treat x as constant.

Note 2 S(F, + F,) )Iox=8(F, ) I + S(F, )1 .
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Note 3 S(kF, )X =k S(F, ).

Note 4 S(F.F,) )lox=F, 8(F, )+ S8(F, )15 . F,.

Note 5 S(F, x F,))I8,x = F, x 8(F, )I + 8(F, )/ x F,
Note 6 S(ax+ayj+ak)/St = (Sa./dt)i +(da,/St)j +(da,/St)k.

Note 7 In general vector F is taken asr =xi+yj+zk. Then |r|
= I +y2+22], | = X*+y*+Z% and &r/8x =x/ \[0@ +y2+22) =XIr
etc.

1.8.2 Partial Derivative of Vector:
Operator V is generally called delta and in brief read as del and is defined by
V=islox+jslsy+tksloz
1.8.3 The Gradient :
The gradient of a scalar function F(x,y,z) written by grad F or VF is defined by
grad F=VF=1 sFlsx+joFlsy+ ks Flsz

1.8.4 The Divergence :

let F(X,y,z) = Fii+F,+Fzk then divergence of F written as divF or V.F is
defined by

divF=V.F= (i I+ JIF + kA %) .(Fu+ F, j + Fai) = F /X + F, /8 + oF,1 %

THINGS TO REMEMBER

Note (1) Divergence of a vector F is a scalar quantity .
Note (2) A vector F is solenoidal if divF =0.

1.8.5The Curl :

let F(x,y,z) = F,i+F,j+F;kthen the curl of F written as curlF or VXF is

defined by curlF = VXF = (i s/5x+js/5y+ ks l6z) X (FiitFyj+Fzk)
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i ] Kk
|9 0 9o
X o
Fl FZ F3

=(5F3/5y- 5F2/5Z)+ (5F1/52- 5F3/5X)+ (5F2/5X- 5F1/5y)

THINGS TO REMEMBER :
Note (1)  curl Fis also known as rotation of F and written as rot F .
Note (2)  curl Fis a vector quantity.

Note (3) A vector F is called ir-rotational if curlF =0.

Aid to memory :
Gradient - G — general product .Divergence- D means dot product , curl — C

means cross product .

SOLVED EXAMPLES

Ex.1 (a) If F=x’+y*+z°-3xyz, find VF
Solv. VF = (i s/sx+jsloy+ kslsz) (C+y*+z3-3xyz,)
= iP5 OCHYHE3xyz) ox +js (XC+y+ 22-3xyz)l Sy
+ ks (X+y*+2°-3xyz)/5 2
= i3 = 3y2)+j(38y*-3x2)+k(3Z*-3xy) ... Ans.

Ex.1 (b) If F=xityj+zk , show that div F = 3.

Soln.divr = V. r
= (i s/ox+jslsy+ kslsz).(xityj+zk)
= +1+1=3 .. Ans.

Ex.1(c)  f=x%zi -2y®z%] +xy®zk ,then find div f and curl f at point (1,-1,1).
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Soln.

divf=V.f = (i s/5x+js/sy+ks!sz2).( X°zi-2y*Z%j+xy*zK)

s (X2) 1sx— 5 (2y°2D)sy+s (xy’2)lsz

= 2XZ-BY’Z2+XY? T IS+ JISy + KIS, X°2i —2y°2° ] + xy’zie

- div fat point (1,-1,1) is

= 2.1.1-6(-1)%(1)* +1.(-1)
= 2-6+1=-3 . Ans

now curl f = Vx f

=T AX+ ]I + kA &) X°71 —2y°2* ] + xy*z&)
.y j K

slox slsy 6lsz

X’z -2y°7% xy’z

= i[s (xy’2) sy- 5 (-2y°2%) 57] -

i[s (xy*2)l 5% -5 (X°2) szZ]+K[5 (-2y°Z) sx- § (X°2)I 5]

i[2xyz+4y°z] —j[y*z-x*] +k[0-0]
i[2xyz+4y°z] —j[y*z-x*]

now at point (1-1 1), curl fis

Ex.1 (d)

Soln.

=-6i40=-61 . Ans.

If 1 = xi+yj+zk , show that curl r = 0.

- -
curl r =Vx r

(i slsx+jslsy+ kslsz)x( xityj+zk)

i j k
= SIX 818 &l
X y z

2i[szl5y-6yls2] =i(0)+j(0)+k(0) =0 ....Hence proved.
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Ex.2  Show that div (r”.?): (n+3) . r"and curl (r". ?):O where r = Ir].
Soln. We know that ? = Xityj+zk

S div(". T)=V. (" T)
= V" (xi+yj+zk)}

= s ("x) sx+s (") sy+s (") sz ... (1)
now
s ("x) sx=r"+xnr™ sr/5x [Art 1.8, note 6]
="+ x.nr™ x/r
= "+ x2nr™?
similarly

s ("y) sy= r"+y’.nr™?

s ("2) sz= "+ Z%.nr"?
on substituting these values in (1), we get

= 31" +n(x+y*+2°%) 12

=3 1" +n(r?) r? note (6)
=(3+n)r"
now curl (", ¥ )= Vx (I". 1) =V x{ (Mxi+("yj)+ (I".zK)
ik

SIx 818 &1

r"x r'y r"z
=Yi[s ("2) sy ('Y 52]
= Yi[nr"t.zor/ 5y — nr'ydr/ 5 7]
=Yi[zy ~yz] nr"?

=3i(0).= 0

- -
Ex.3 Show that V. (r xa) =0 ,where a is a constant vector.
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Soln. V.(rxa)=(i s/sx+js/sy+kslsz). (rxa)
=i. s (rxa)lsx+j. o (rxa)sytk.s (rxa)lsz

=Yi. s (rxa)sx

=i J(srlsx)xa+rx(salsx)]

=2 1. (ixa + rx0)

{since r=xi+yj+zk= s5r/5x=1 & a being constant}
=X i.(ixa)
= [iia] =0 [ Note 10 Art. 1.2]

- -

N -
Ex.4 Prove that curl curl F =0, where F=zi +xj +yk .

—> - - -
Soln. We know that curl F =Vx (zi +x j+yk)

i j k
= SIx 518 Sl
z X y

= i(1-0) + j(1-0)+k(1-0)

~|
A~

—
~

=i+ +
now

curl curl F=Vx (i +j+k)

i j k
= |5l o6ly o1& =0 hence proved .
1 1 1

Ex.5 Show that div grad r™ = m (m+1) r(™?
Soln. grad r™ =(i s/sx+js/sy+kslsz) ™
=i s sx+jsrsy+ksr/ sz
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=imr™ sr/sx)+H(mr™isr/sy)+ k(mr™isr/sz)
= m ™ i)+ (y/n)+k(2/n) ]
=mrMi(xityj+zk) 0 Q)
now
divgradr" =V .grad r"
=(i s/ox+jslsy+kslsz) . [mr™?(xi+yj+zk)]
=¥Yms (M*x) sx
=Y m[rm?+x.(m-2)r"> sr/5X]
= m[ ™2 +x4.(m-2)r"*]
=m [3 ™% +(x* +y? +2%).(m-2)r™*]
=m [3r™? + r? (m-2)r™“]
= m[3r™%+(m-2)r™?] = m[3+m-2]r™?

=m(m+)r™* proved

Important Note: The operator V2 = V.V is called the Laplacian operator and

defined as

V2=V.V=6°sx°+5°15y*+5%57°

Ex.6 Show that V*f(r)= (2/r) f'(r)+f"(r).
Soln. V*f(r)= V.V {f(r)}
={ §%YsxX*+5%sy*+ 5522} ()
=Y S2[f(N])/ s X
now
(%45 x3)[(N]= 5 [ () sx] /15X
=(slsx)[T'(r). sr/5X]
=(slsx) [F'(r) (x/n)]
={£'(r) (XIr) srisx+£'(r) [(Ln)-(xIr?) sr/sX]}
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={£°(0) (<I°) +£°() [()-(<I)T}
=L A +F'(OI-F (O Y (ii)
on combining (i) &(ii) , we get
V(=X { £ (r) /) + £ (n)/r- £ (NI }
= £ (/2. OC+y*+2%) +3 £(n)ir — '(n)ir® .(C+y*+2°)

= U2 g1y
r r
=f"(r) + 3[f' (O] -F'(D/r
=f"+2[f'(ir] Hence proved.

CHECK YOUR PROGRESS :
Q.1 If f=x>y*+xz% find grad f at (1,-1,2).

Q2 If T =xi+yj+zk then find V.r".

Q.3 Find VXxF where F = y(x+z)7 + z(x+y)T +x(z+y)¥.
Q.4 Prove that curl grad ¢ =0.

Q5 If a is a constant vector then show that curl (? X 5) = -22.
Q.6 Evaluate curl grad r". [Ans. 0]
Q.7 Find the condition for which the function ¢ = ax*+by*-cz* is satisfy V2 ¢ =0.

*kkkhkkikkikkkikk
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UNIT-2
BLOCK INTRODUCTION
Integration is a reverse process of differentiation but not exactly. It is also
an important concept in Mathematics as well as in the other field of studies.
With the help of integration we can also find the area, surface area and volume
of the given closed curve.
The main features of this block are :
o Integration of vectors under different conditions.
o Integration along a line (curve), around closed (regular) curve.
o Surface integration and volume integration.

o Gauss, Greens & stokes theorems which are more useful in Physics.
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UNIT -2
VECTOR INTEGRATION

STRUCTURE

2.1 Integration of vectors

2.2 Line, volume and surface integral
2.3  Gauss divergence theorem

2.4  Green’s theorem

2.5 Stoke’s Theorem
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2.1 INTEGATION OF VECTORS
Let a(t) be a vector function and there exits a function f(t) such that % =alt)

then f(t) is defined as integral of a(t) and written as.
[at)dt=ft0) @)

If a(t)=ai+a,j+ak and f(t)=f,i+f, j+fkthen from the definition if a:%

then [a(t)dt=[[ai +a,j +akpit=f(t)
= fi+fj+fk |f,=[adtec. .
(ii)

In general if &(t)= a,i+a,j+a,k then [a(t)dt=iadt+j[a,dt+k[a,dt.

IMPORTANT RESULTS:

(1) We know that 1(5.6):@_6 + g,@
dt dt dt

1 2p+a® gt-ab+c
dt dt

where cis a scalar quantity as the integrand is a scalar quantity.

(2) We know that

i(§><5)=é><£+d—a><6
dt dt dt

" I{%xﬁvtﬁxz—f}dt:(éxl;%c

Where ¢ is a integration constant and a vector quantity as integrand is a

vector quantity.
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3)

Ex.1

Soln.

Ex.2

Soln.

We know that

dl o] . da
i _0z 24
dt(a)] T

j (253—?)& =a’+c where c is a integration constant .

Solved examples
1
If 7(t)=t7 + ("~ 2t)j + (@ +3°)K then find that [[F(t)jit
0

j f(t)dt =j.[ti (7 - 2t)j + (37 + 3 K fit

[ tdt+ [ (t2 - 2tht + k[ (3t + 3t it + 0

2 3 1 1
I{t—} +j{t——t2} +k{t3+§t4} +C
2| s | 4 ],

d’a
dt

If &(t)=5t% +tj—t°k, show that f[ax ]dt=—147+75j—1512

Given a=5t% +tj -tk

2 =

and 43 _107 etk
dt

d’a Ik
Now & x o =5t* t —t°
10 0 -6t

= [-6t>-0]-j[-30t° +10t*]+ k[o-10t]
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Ex.3

Soln.

Ex.4

Soln.

= —6t% +20t° ] —10tk

f(” ZaJdt—j[ 6121 + 20t ] — 10t fit

2 2 )
= {—GET} J{zoﬁ]} J{_loﬁq
3 1 4 ) 2 .

= i+t fi-[ste [k

= —14i +75] —15k

Evaluate f (e'T +t%] —e 2k)dt

f(eTHﬁ—ef”lZ)dt

= P[edt+ [ tdt— K[ et

372 [a47?
= il j{%}l - kj—zl
= |[e —e]+ J{g_%_JrE[%(eA_ez)}

= (eZ_e)* gj %( 4_e72)k

2i — j+2k,when t=2

47 — 2] +3k,when t=3
Then show that j (a —jdt =10

We know that

E{EFZ} dr
dt| 2 dt

Proved.
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1 :I(f.d—rjdt
2 dt

Now as per question and (i) we have
egeL]
Slaefs- o)

- square or vector = square of its modulus

1 R S c B O ey

= %{(16+4+9)—(4+1+4)}

= %[29 -9]

= 10 Proved

CHECK YOUR PROGRESS :
Q.1 Evaluate - [(efi+e™j+tk it

A 1.
Ans. {(e—l)J—E(e —l)j+§k}

2=
Q.2 Evaluate - L °F (((j:it_erdt where F(t)=2t% +tj — 3tk

Ans. [-42i+90j—6k]

Q.3 Find r satisfying the equation.

2—»
itzr —at+b, 4 and b are constant vectors.

Ans. Etsé+%t25+t.c+d}
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2.1 Line, Surface and VVolume Integral

2.2.1 Definition of Line Integral :

Let F (r) be a continuous vector function defined on a smooth curve C

given by r=f(t). If S denote the actual length of any point P(x,y,z) from

a fixed point on the curve, then 9 s a unit vector along the tangent to

ds

the curve at P.Then

(

dr
F'EJ ds or LF.dr. .................. (1)

is called the tangent line integral of F along curve C.

THINGS TO REMEMBER:

Note 1:

Note 2 :

Note 3:

Note 4 :

Relation (1) may also be written as LF[%)dt.

If the path of integration Cis piecewise curve and joined end to

end by finite number of curves C,,C,,C, C, then (1) written as

LF.dr=L1F.dr+L2F.dr+L3F.dr+ ........ + | F.dr

If the given curve is a closed curve then the line integral is

symbolically written as {instead of | .

We know that 7 =xi + yj + zk then dr =idx+ jdy + kdz

Solved Examples

Ex.1 Evaluate LF.dr where F=x% +y®] and the curve C is the are of the

parabola y = x?in xy —plane from (0,0) to (11).

Soln. Givencurveis y=x* =dy=2xdx .. (1)

F=xT+y3 ) =x%1 +(x*)?%]
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and
dr =idx+ jdy =idx+ j(2xdx) by (1)
.. Required line integral

x=1 x=1
[Fdr = [(x%+x°]).(idx+ 2 x jX)

x=0 x=0

LF.dr

1
= [(x*dx+2x"dx)
0

_8+6 14 7 Ans.

Alternate Method: If we put x =t in the given equation of curve y=x> we
get y =t2.
CF=xXA+y ) =t + (1Y)
= t% +t°]
and dr = idx + jdy = idt + j(2tdt)
[sincex =t=dx =dtand y = t* = dy = 2tdt]
.. Required line integers

t=1
[[t%i +t° j].[idt + 2tjdit]
t=0

r 1

3
= t_+1t8}
'3 4 0

= l+l :1 AnS
3 4] 12

LF.dr
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Ex. 2: If F=(2x+y)i +(3y-X)jthen evaluate jCF.dr where C is the curve in xy-

plane consisting the straight line from (0,0) to (2,0) and then to (3,2)

Sol. In the xy-plane
F=xi +Vj
oo dF =dxi +dyj + zk
SLFRdAr=(2x+y)dx+@y-xdy L (1)
Now the equation of a straight line passing through two given point
A(2,0) and B(3,2) is
(Y-0)=2= (x-9) = y-2x-4

A

B (3,2)

v

0 A (2,0)

.. Path of integration C consist line OA and AB as shown in the figure.
.. Required line integral

F.dr+ Fdr . (i)

.L F.Dr = -[Cl:OA C,=AB

Now Icl(F.dr) = IOA(ZX + y)dx+ (3y — x)dy
x=2
= [ 2xdx
x=0
[ .. Sinceon DA y=0=dy=0&xvaries from 0 to 2]

x=2

S ] (iii)
Now Icz F.dr = IAB(ZX + y)dx + (3y — x)dy
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x=3
= [[2x +2x — 4]dx +[3(2x — 4) — x2.dx
X=2

[Since on ABy = 2x — 4 = dy = 2dx]

x=3
[ (4x = 4)dx+ (10x - 2y)dx
X=2

x=3
[(14x—280dx
x=2

[7(2) - 28x]
= 7(9-4)-28(3-2)

=35-28=7 . (iv)
From (ii) (iii) and (iv)
ch.dr:4+7=11 Ans.

Ex.3 Evaluate jc F.dr where F = (x® + y?)i — 2xyj curve C is the rectangle in xy-

plane bounded by y=0,x=a,y=b,x=0
Sol. In the xy plane we have

r=xi+yj=dr=idx+ jdy

sFdr= (6 + yldx—2xydy) (i)
Y 2
y=b
C - B(a,b)
x=0* A=a
0|©.0) y=0 A(@©,0) X

Clearly the path of integration C consists four straight line OA, AB, BC and CO
as shown in the diagram.

.. Required line integral

[Fdr= [ Fdr+[ Fdr+[ Fdr+[ Fdr ... (ii)
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Clearly on OA y=0=dy=0 and x varies from 0 to a.

On AB x=a=dx=0 and y varies from 0 to b.

OnBC y=b=dy=0 and x varies fromato 0
and on CO x=0=dx=0 and y varies from b to 0

. J,Fdr = _[OA(X2 + y?)dx — 2xydy

= Ixzdx asy=0&dy=0
x=0
372 3
— {X_} _a ....(iii)
3 0 3
y=b
G Fdr= [ 2aydy [ x=a&dx=0]
y=0
2 b
= —26{3’—} — _ab? (V)
2
0
x=0
Fdr = [ (® +b?)dx
X=a
x> °
:{?+b2x} [y=b&dy=0]
3
= i_ab2
3
y=0
and [ Fdr= f[ody=0 .. (vi)
y=a

On putting the values from (iii) (iv) (v) and (vi) in (ii), we get required

result i.e.
3 3
[ Fdr = 2 a2 _an?s0
c 3 3
= _2ab? Ans.
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Ex.4 Evaluation LF.dr where F=xyi+yzj+zxk and Cis r=ti+t?j+t3k, t

varying from —1 to +1.
Soln. We know that ¥ =xi + yj + zk
.. Parametric equation of given curve C is

x=t,y=t% z=t>and so we have

F = Xyi+ yzj + zxk
= O)i+ ) j+3tk =31+ 2+t ... (i)
and %z Peofeack (ii)

or=ti+t?2j+t3k]

Now required line integral

= dr
LF.dr [ (F.a)dt

t=-1

T(t3 +2543%dt oy (i) and (ii)]

t=-1

1
[(t? +5t°)dt

-1

— 4 1
= t_+§t7}
L 4 / -1

11

O Nk
~N | o
~

|
A/
Al

I
~ | o
~__

Ans.

Ex. 5: Evaluate LF.dr where
F = (3x? +6Y)i —14yzj + 20xz2%k

along the curve x =t,y =t2,z =t from point (0,0,0) to (1,1,1)
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Sol. Herer=ti+t?j+t3k

. dr
Ut

i+ 2tj + 3tk (i)

also

F

(3t? + 6t%)i —14t° j + 20t 'k

9t%i —14t° j + 20tk (D)

o Fdr= (9t? —28t° +60t°%)

So the required line integral is

dr
LF.dr IC(F.a)dt

t=1
[(ot? - 28t° + 60t°)dt
t=0

[3t2 —4t" + 6t
=3-4+6=5 Ans.

2.2.2 Surface integral

Let F(r) be a continuous vector point function and r = f(u,v) be a smooth
surface S. Let S be a two sided surface in which one side is treating as positive
side (outer side in case of a closed surface). Then the surface integral of F(r)

over S is denoted by

[[Fndsor [[[Fds .. (1)

where dS = nds and n denotes the unit vector normal to the surface.
THINGS TO REMEMBER:
NOTE: 1. Cartesian formula for the surface integral (1) is given by

[ js(Fldde F,dzdx + Fdxdy)
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Where F = F (xyz)i + F,(xyz) j + F;(xyz)k

NOTE: 2. The surface integral over a closed surface S is denoted by ¢s

NOTE: 3. In xy plane ds = |d syl

yz plane ds = %
[ n.|

and inzx plane dx = % (conditional)
-]

NOTE: 4 Unit vector normal to the given surface ¢ is given by

gradg V¢
|grad| |V¢|

A=

Solved Example

Ex.1 Evaluate ﬂs F.nds where F = zi + xj—3y?zk and S is the surface of the

cylinder x?+y? =16 included in the first octant between z

=0and z=5. §z

Soln. Here the projection of the given surface S on xz Q$
plane as the region OABC bounded by x-axis (BC || x axis) .
and z-axis (AB || z axis) as shown in the figure. \h’T
o : —Y
.. Required surface integral ; A
A dxdz
ﬂandS = ﬂ FA Tl ..(1)

[Note (3)] (region R = OABC)

R gradg — 22— 1A —
Now 1 [Note (4) p=x"+y"=16=0
| gradg | /
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Since grad ¢ =

and |[grad¢| =

_3)
—
I

From (i) =

%(xn yi) -(2)
vy

0 .0 o) o o
I—+ ] —+k— |(x*+y“-16
(5 J5 62}( y )

4x% +4y?

A(x%+y

N
=.
T ;
~ N
=.

N

N

4(16

R
I

(xi+yj).J

T N
<<

dxdz
‘@/4,y)

| J'R(zi + X] —3yzzk).G(xi + yj)j

3X+ yx
I jdxdz

i x+%}dxz

y

dxdz

} T 3X
X+
x=0z=0 \/16—X2
4[5 3x
dz |d
Fibe oo

4l 5
I xz+-———3i———zz} dx
<ol 2416-x% |,
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e

X=

232

= + RN
2 2\ 2
25
= 40-22(0-4
>(0-4)
= 40+50=90

5
;(25)} dx
2416 — x2

1% —2x
2]

£ 31157

(1/2)

0

V16 — x?

.

0

Ans.

Ex.2 Evaluate HS F.nds where F =x%i+y?j+z% and S is that portion of the

plane x + y + z = 1 which lies in the first octant.

Soln. According to the question the required Region R is bounded by x axis, y-

axis and straight line x+ y = 1 as shown in the diagram.

.. surface integral

ﬂSF.nds = ﬂRF.n.rj:%;

Now

A _ gradg _ V¢
|gradg| |V¢|

()

where ¢g=x+y+z-1=0
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Here V¢

and |V |

>

-~ by (1)

. dxd
IL%F'nﬂjgiﬁ

0 0
I—+ j—+Kk X+y+z-1
[ vl b azj( y )

i+j+k

J3

1 . .
—(i+j+k) and n.k. =

&l

ﬂ (X|+y j+22k)\/_(l+j k)(f/%}

ﬂR(x2 +y? +z2)dxdy

1 1-x

[ [x?+y?+@-x—y)*dxdy

x=0y=0

} FIXXZ +y?+(@1-x— y)2dy}dx

x=0| y=0

3 1-x 3 1-x
x2y+y———( —X=y) } dx
0

O t—y

3 3

3 3

o —_r

_xz 1-x)+ A-x° o x)° }dx

2(1—x)? |
3

X2 —x3+

O t—y

x_ 2 (1- x)
4 3 4(-)

x
3 10

4-3+2 1
12

+

|-
N

Wl
Ak

Ans.

Ex.3 Evaluate [[ (y2z%i+22x%j+x2yk).ds where S is the part of the sphere
S

x? +y? + 2% =1 above the xy-plane.
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Sol. According to the question it is clear that the region is bounded by the

circle x> +y? =1,z =0 in xy-plane.

Here F = y2z%i+2%x% j+ x2y %k
o = X2 +y?+z%=1
0 .0 02,2, .2
\% = I—+]—+Kk X“+y“+z
¢ [8)( Jay 8zj( y )

= 2Xi+2yj + 2zK

V]| = \/4x2+4y2+422 =2 [ X% +y2+2% =1]
A= Vo _ 2(X| + Yj + zK) _ (xi+ yj+ 7K)
Vol 2
Z‘P
(xy.
z
0
(xy=0) {xr¥,0)

X000 @y2ayzg

Now the required surface integral is

[[F |d:i>|/ = IIR(xy222+y22x2+zx2y2)M

= Ik [(XV2 +x°y)z% + zxzyz]dx—zOly

= ﬂR [(xy2 +x%y)z+x%y? dedy

x=1 y=v1=x?

= | I[(xyz +x2y)z+x2y2]dxdy
x=—Ly- 1

_1 y=v1x
= [(xy +X2y)1-x% -y +x2y2}jxdy

X= 1yf \/1 x?
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1V1-x2

= 2x2[ [x*y*dxdy
0 O

2? f (x)dx, f(x)iseven

a
[ f(x)dx=4 @
- 0. f (x)is odd

g
} dx

— 12)’
gRAc

4t
= §jx2(1—x2)3’2dx

0

put X = sind dx = cos6do
and limitsare 6 =0to 6 = /2

= —”Fsm 9(1 cos 9)3/2 cosadé

7z/2
= - jsm Ocos* ado

_ WF

2+4+2
2

s

5

(3.2.1)

- 2
3

T

- -~ Ans.
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Ex.4 Evaluate ﬂSF.nds where F = 2yxi—yzj+x%k over the surface S of the

cube bounded by the corrdinate planes and planes x =a,y =a, z = a.
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Sol. Clearly the surfaces of the cubes are DEFA, CDBO, EGBF, DCOA,
DEGC and OAFB namely S;,S,,53,S4, Ss and Sg respectively. Then we have

required surface integral

HS Fnds = Hsl F.nds + J]SZ F.nds + ﬂs3 F.nds + HS4 F.nds+

.[ISS F.nds + HSG F.nds (1)

A

Face S; is in yz plane, therefore f=i,x=a

a a
jSlF.nds = | j(Zyxi—yzj +x2k)i dydz
y=02z=0
a a
= [ [(2ya)dydz [ x=a]
y=02z=0
a
= [2ay[z[jdy
0
y2 |
= Za{—} —a* . (2)
2
0
For the face S, 1.e. CGBO x =0, A=-i
a a
o[ F.nds = [ [(2yx)dydz=0 [ x=0] ...(3)
52 y=02z=0

For the face S;i.e. EGBFy=a, = j

[|. Fnds = (—yz)dxdz
S3

O )
O —0
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(—az)dxdz

a Z2 a
= —aj{—} dx
0 2 0

3.4

a3, .a
= ——1X e R,
> D6 ==

For the face S, DCOAyY =0, A=—]j

HS F.nds
4

For the face S; DEGC z=a, A=k

1
O )
O

1
O t—

a
[ (~yz)dxdz=0
0

[[. F.nds (x?)dxdy
S5

1
O —
O —

a
= [x?[y]odx
0

a 3
= aszdx=aa— _a
! 3| 3

For the face S OAFD z=0, A=-k

4

aa a
ﬂs F.nds = — [J()dxdy=—=-
° 00 3
By using 2,3,4,5,6,7, (1) reduce to
_ 1
HS Fnds = Ea“

2.2.3 Volume Integral:

[y=a]

...(4)

[-y=0] ..(5)
[-z=4]

....(6)

.(7)

Ans.

Let F(r) be a continuous vector function and let volume V is enclosed by

a smooth surface S. Then the volume integral of F(r) over V is denoted by

L F(r)dr =jF de:jjjv Fdv
Where dv = dxdydz (In triple integral)
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THINGS TO REMEMBER:
NOTE (1): If F = Ei + F,j + Ek then volume integral
L Fdv =i[[[ Fdxdydz+ j[[[ F,dxdydz+k [[[ F3dxdydz

NOTE (2) : If ¢ is a scalar function, then volume integral is given by

IV ¢ dv.

Solved Example

Ex.1 Evaluate Lde where F =2xzi—xj+ y*k and V is the region bounded by
the surfaces x=0,y=0,z=0,x=1,y=1andz=1.

Sol. Required volume integral =

= L Fdv = [[[ Fdxdydz

= m(zxzi — Xj + y2k)dxdydz
000

111 111 111
I _[ I 2xzdxdydz — ]j”xdxdydz J‘ j Iyzdxdydz
000 000 000

1
-
N
—
r\)|><M
L
o -
L |
<<
s+
—
|\>|NN
L 1
o -
|
—
|\>|><N
[E—
| |
<<
om=
—
N
I—I
o
+
|
|—|
|—|
1
>
om=]
| |
N
I—I
o

Ex.2 Evaluate L Fdv where F =xi+yj+zk and V is the region bounded by the

surfaces x=0,y =0,y =6,z =x"and z = 4.

Sol. Required volume integral is

2 6 4
=[Fdv= [ [ [Fdxdydz [Asz=x*2z=4wehavex=2]
x=0y=07=x°
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2 6 4
= [ [ [ (xi+yj+zk)dxdydz

x=0 y=0 z=x2
26 4 26 4 26 4

= i[ [ [ xdxdydz— | [ [ ydxdydz+k|[ [ zdxdydz
00x2 00x2 00x2

26 26 26 Z2
if [ X(2]%, dxdy+j | [ y[z]%, dxdy+k] [7];‘2 dxdy
00 00 00

6

2 2 2 k 2
iJ'x(4—xz)[y]gdx+jj'(4—x2){y—} dx+ - [ (42 —x*)[yJi dx
0 0 2 20

0

2 2 2
6i [ (4x—x°)dx+18 [ (4 —x*)dx+3Kk [ (16 —x*)dx
0 0 0

= 6i[4{§}: {%E] +18 j[(4x)3 —{X—;}] +3k[{16x}§ —{X—;E]

6i[8—4]+18j[8—2}+3k{32—%}

24T+9617+3—?I2 Ans.

CHECK YOUR PROGRESS :

Q.1 Evaluate LF.dr where F = x?y% +vyj and c is y? =4x in the xy-plane

from (0,0) to (4,4). Ans.[264]

yi —xj and c is arc of the parabola y = x?

Q.2 Evaluate jCF.dr where F
from (0,0) to (1,1) Ans [-1/3]
Q.3 Evaluate LF.dr , where F = (3x? +6y)i —14yzj + 20xz°k and curve ¢ is X =

t, y = t* from (0,0,0) to (1,1,1). Ans. [5]

Q.4 Evaluate LF.dr, where F =xyi —(x*+y®)] and c is rectangle in the xy-

plane bounded by the linesy =2, x=4,y=10and x =1  Ans. [60]
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Q.5

Q.6

Q.7

Q.8

Q.9

2.3

Evaluate HSF.n.ds where F =2x%i—y?j+4xzk and the region is in the

first octant bounded by y? +2z% =9,x=0and x = 2. Ans. [36(n-1)]
Evaluate ﬂSF.n.ds where F =6zi—4xj+yk and S is the part of plane
2x+3y+6z =12 in the first octant. Ans. [-16]
Evaluate J‘js F.nds where F=(3/8)xyz and S is the surface of the
cylinder x? +y? =16 in the first octant between z =0 and z = 5.
Ans.[100(i+))]
Evaluate [[ [ Fdv where F = 45x?y and V is the closed region bounded
by the planes 4x+2y+z=8x=0,y=0,z=0. Ans. [128]
Evaluate jv rdv. where =xi+yj+zk and V is the region is bounded by x

=0,y=0,y =6, z=x*and z = 4. Ans. [24(i+4)+(16/3)k)]

Gauss Divergence Theorem:

Statement - If V is the volume bounded by a closed surface S and F is a

vector point function with continuous derivatives, then

[(Fnds=][divFdv, .. (i)

where n is the unit vector outward drawn normal vector to the surface S.

Note(1) With the help of this theorem we can express volume integral as

surface integral or surface integral as volume integral.

Note(2): If the given surface is of a standard curve, then we can directly obtain

volume by applying volume formula of corresponding curve.
Working Rule:
Step 1-Finddiv. Fie. V.F
Step 2 - Find integration limit using the condition given in the question.
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Step 3 - Solve (i) after putting the value of div. F (i.e. V.F ), integration

limit and replacing dv = dxdydz.

Solved examples

Ex. 1 Evaluate | js F.dx where F =4xyi+ yzj—xzk and S is the surface of the

cube bounded by the plane x=0,x=2,y=2,z=0and z = 2.

Sol. Given F =4xyi+ yzj — xzk
- divF =V.F

=(i£+ jé+k5£}(4xyi + yzJ — xzk)
Z

X oy
=4y+z7—-X
.. By Guass div. theorem we have

js Fnds = jv divFdv

=f jv (4y + 7 — x)dxdydz

x=2Yy=27=2

= [ | [@y+z-xdxdydz
x=0y=0z=0
x:2_y=2

= [ | [@y+2-2x)dy|dx
x=0] y=0

:(4y2 +2y— 2xy]§:(2) dx
X=2
= [[(16 + 4 4x)]dx

x=0

X
X

|| —— |l

T:(zo — 4x)Jdx
0

= [20x—2x2])2;2)dx
=40 -8 =32

Ans.

54



Ex.2 Evaluate js F.nds where F=axi+byj+czk and S is the surface of the

sphere x* + y? + 2% =1.
Sol. HereF  =axi+byj+czk
~divF =VF
=(i%+ j%+ k%j(axi + byj + czk))
=(a+b+c)
By Guass div. theorem we have

IS Fnds = Ivdidev
= [[ [, (@+Db+c)dxdydz
:(a+b+c)jV dv

=(a+b+c)v=(a+b+0)[4/37(1)°]
[V=volume of sphere (Note2)]

=gﬂ(a+b+c) Ans.

Ex. 3 Verify the Gauss divergence theorem for the function F =i+ xj+zk

over the cylindrical region S bounded by x? + y?> =a?,z=0and z=h
Soln. By Gauss theorem we have

[(Fnds =[divFav (i)
LH.S.() = js F.nds

= js (yi+ Xj + 22k).k dxdy

x=a _[2 2
= | y:W/(az—xzjy_ @ Z24xdy [Note]
X=—a
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according to question at bottom z = 0 and at the top of cylinder z = h, therefore

at bottom js F.n.ds=0

x=a 2 2
and at the top [ F.nds = [ y=4/(a’ -x* [ @ h2dxdy
X=—a

= 2.2?’0[“(32_)(2 h2dxdy
0

a
= 4h2f\/ia2 — x2 Jdx
0
= 4h2[(l/2)><\/a2 —x? +(1/2)a23in‘1(x/at

= 820+ (1/2)a%(z/2)]
:7Za2h2
. the entire surface integral js F.nds= m*h> .. (ii)

Now R.H.S. (i) = jvdidev,

= [ (i§+ j%+ k%).(yi +xj +22K)dxclydz

[[] 22 dxdydz

[here x=-ato a, y = /(a2 - x})toy/ (a2 - x%) & z=0toh]

a J(@2—x2
= 22[ [ [2°15dxdy
0 0

4 J@—x2
=4h*[ [ hidxdy
0 0

=4h2Tw/(a2 —x?)dx
0
= za?h? ....(iii)
[sinceja}/(a2 —x?)dx =7a%/4
0
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Hence theorem verified from (ii) and (iii)

CHECK YOUR PROGRESS:

By using Gauss theorem

Q.1 Evaluate js F.nds where F =xi+yj+zk and S is the entire surface of the

cube bounded by the co-ordinates plane and x = a, y = a, z = a. Ans. [3a°]

Q.2 Evaluate IS F.ndswhere F = (x2 - yz) +(y2 —zx)j +(22 - yx)< and s is the

surface of the rectangular parallelepiped 0<x<a,0<y<b,0<z<c.

Q.3 If V is the volume enclosed by a closed surface Sand F = xi+2yj +3zk,

show that [ (F.nds=6v.

2.4 Stoke's Theorem:
Statement - If S is open two sided surface bounded by a closed curve C, then for
the vector F having continuous derivatives,

ICF.dr :I(curl Fnds, . (i)

where n is the unit vector outward drawn normal vector to the surface S and c is
transversal in the positive direction.
Note: With the help of this theorem we can express a line integral as a surface

integral.

Working Rule: Given vector function is F, surface is S and curve is C.
Step 1-Findcurl Fie. VxF

Step 2 - find unit normal vector i and replace ds as Art. 2.2.2

Step 3 - Solve after putting above values in R.H.S (i).
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For verification of the theorem: Find line integral as per Art 2.21, which is
L.H.S. (i). If L.H.S. (i). = RHS (i), then the theorem is verified.

Solved examples

Ex 1 Verify Stoke's theorem for F = (x2 + yz)i + 2xyj, where C is the rectangle
in xy=plane bounded by y =0 x=a,y=band x =0.
Soln. In the xy-plane we have

F=Xi +Yj ~dr=idx + jdy

F.drz(x2 + yz)dx—2xydy ........ (i)
clearly the path of integration C consists four straight line OA, AB, BC & CO
as shown in fig.

. Required line integral
[cFdr=[oaFdr+[ gFdr+[gcFdr+[oFdr ... (ii)

clearlyon (1) OA y=0=dy=0 and x variesfromOtob
(2) AB x=a=dx=0 and y varies from0Oto b
(3) BC y=b=dy=0 and x varies fromato O
(4) CO x=0=dx=0andy variesfrombto 0

x=a
o [oaFdr[ oa(® +y?)dx—2xydy= [x*dx=2a%/3 .. (iii)
x=0
y=b
[ asFudr=| AB(x2 + yz)dx— 2xydy=[(-2ay)y=-ab®> .. (iv)
y=0
2 1,2 s 2 K2 a’® 2
[ scFdr =[ gc(x* + y?)dx—2xydy = [ (x +b )dx:—?—ab ........ (V)
x=a
y=b
_ 2 2 _ _ _ H
ICOF.dr—LO(x +y?)dx — 2xydy = Ig) dy=0 . (vi)
y=

on putting the value from (iii), (iv), (v), (vi) in (ii) we get reqd. result i.e.
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[cFdr=—2ab*> L (A)

i j K
Again curl F =5/ oldy o1 =—-4yk
(x2 + y2) —2xy 0
Alson =k
-~ curl F.n=(-4yk)k = -4y
a b
o [ scurl Fnds=| [(~4y)dxdy [limit as per que.]
00
a
——4[y? /2] dx
0
=2b%[x[; =—2ab®* = (B)

From (A) and (B) we have

[ ¢F.dr =] (curl F).nds, hence theorem verified.

Ex2 Evaluate jc(xydx+ xyzdy)where C is the square in xy - plane with vertices
(1,0), (-1,0), (0,1) and (0,-1).
Sol. The given integral is jc(xydx+ xyzdy): | C(xyi + xyzj)dr
[since r=xi+yj &dr =idx+ jdy]

Ic(xyi +xy? j)dr = J] Scurl(xyi +xy? j)nds [By Stokes theorem]
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I J k
Now curlF =5/ 5j/5y 5161 =(y? - xk
Xy xy? 0
curl F.n= [(y —x)<J (y —x) s Ai=k]
[[ scurl Fnds =44[* o * y*dxdy
[since square is symmetric in all four quadrants]
=4 oj "xy’dy
=4 oJ. 1y2(1_
[as line passes through two points (0,1), (0-1)therefore equation of line is
Xx+ty=1=x=1-y]

=4 o[ y2 -y

—d[y* 13-yt /4l = 4f1/3-1/4]=1/3. Ans.

Ex 3 Verify Stoke's theorem for F = x%i + xyj, where C is square in xy-plane
bounded by x=0,x=a,y=0andy =a.

Soln. In the xy-plane we have

r=xi+Yyj sdr=idx+ jdy
L Edr=xfdx+xydy L (i)
A
C(0.a) B(a,a)
(0,0) A@0)
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clearly the path of integration C consists four straight line OA, AB, BC & CO

as shown in fig.

. Reqd. line integral

[cFdr=[oaFdr+[ sgFdr+[gcFdr+[coFdr L (ii)
clearly on (1) OA y=0=dy=0 and x varies from 0 to a

(2) AB x=a=dx=0 and y varies from0to a

(3)BC y=a=dy=0 and x varies fromato0

(4) CO x=0=dx=0 and yvaries fromato 0

.'.IOAF.dr:IOAXde+ xydy = x=0_[ X=ay?2 dx:a? _________ (iii)
2 =a 8.3 -

[ asFdr =] agx?dx+xydy=,_o ¥“*ay dy="- (iv)
2 x=0,,2 a’®

[ scFdr = gex?dx+xydy = ,_,[ *°x dx=—" e (v)

and J'CoF.dr:J.Co x2dx + xydy = y:aJ' y=0dy=0 ... (vi)

on putting the value from (iii), (iv), (v), (vi) in (ii) we get the reqd. result i.e.

3

[(Far=2 (A)
2
i i Kk
Again curl F =|5/5 515 518 =i(0)+ j(0)+K(y) = yk
G Xy 0

Alson=k
seurl Fn=(yk)k =y

[ seurl Fnds= of® [y dxdy [limit as per que.]
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From (A) and (B) we have

[¢Fdr=] (curl F).nds, hence theorem verified.

2.5 Green's Theorem: If ¢ be the regular closed curve in xy-plane bounding a

region R and P(x,y) and Q(x', y*') be continuous on C and inside it, having

continuous partial differentiation then
[o(Pdx+Qdy)=[[ ((R/X-p/F)dxdy .. (i)
Working rule: Step(1) Compare given integral in the question with the L.H.S.
of (i), find P, Q and integration limit from the region R.
Step(2) Find &Q/ &, and &P/ oy by differentiating partially.
Step(3) Put all the values in right hand side of (i).

Step(4) On solving we get required result.

Solved Examples

Ex. 1 by using Green's theorem evaluate [ [(cosx siny —xy)dx+sin xcos ydy],

where C is the circle x? + y? =1.

Soln. Here P = (cosxsiny —xy), Q=sin x cos y and the integration limit is x =1

to x=1and y=—/L—x?}o y=+/L—x?)

Py = 5(cosxsiny —xy)/ & = cosxcosy — x
[on differentiating w.r.t. y treating x as constant]
similarly ~ &Q/& =osinxcosy/ & =cosxcosy
[on differentiating w.r.t. x treating y as constant]
Now by Green's theorem we have

[ o(pdx+Qdy)=[[ {(Q/ 5x— P/ &)dxdy

= H ;(cosxcosy —cosx cosy + x)dxdy
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= J' x1 . mj' =)y dxdy
=2 [y B Jax

=2 4f 1y JA—x2)x =0 [by definite integral property] ~ Ans.

EX.2 by using Green's theorem evaluate jcl(e‘x sin y)dx+e‘X cos ydyJ, where C
Is a rectangle whose vertices are (0,0), (x,0), (=, 7/ 2)and(0, 7/ 2).
Sol. Here P =e™siny, Q = ™ cosy and the integration limitis x=0to x=7
and y=0to y=x/2.

. PIYy = 5(e‘x sin y)/éy =e X cosy

[on differentiating w.r.t. y treating X as constant]
Similarly &Q/& =& *cosy/x=-e*cosy
Now by Green's theorem we have

[ (pdx+Qdy) = [[ (3Q/ 5 — 5P 1 & ixdy

C

- H (— e cosy-e~*cos y)dxdy

S

X=r y:ﬂ/2
=—2 [ [ ecosy dxdy
x=0 y=0

= 2l-e | [siny];"?
= 2(e‘” —1). Ans.
Ex 3 Evaluate by Green's theorem H(xy + yz)dx+ xzdyl where C is the closed
Cc

curve of the region bounded by y =x and y = x*
Sol. here P =xy+y?,Q =x?
Therefore P/ = 5(xy+ yz)lﬁy = X+2y
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And &/ & = &? 1 & = 2x
Also from the given region, integration limits are x=0 to 1 and y = x? to X

Now by Green's theorem we have

= [ (Pdx+Qdy) = [, (6Q/ & — &P/ &)dxdy

x=1 y=
= | (2x =[x+ 2y])dxdy

x=0 y=x?

x=1 y=X '\ LA
= [ | (x—2y)dxdy

x=0 y=x?

1
—_—
>

~
|
X
w
>

I
1
o'||><<J1

|

=
INESN
1
o -

=-1/20 Ans.

CHECK YOUR PROGRESS:
By using Stoke's theorerm
Q.1 Verify Stokes theorem when F =yi + zj + xk and surface S is the part of

the sphere x? + y? +z% =1 above the xy-plane.

Q.2 Verify Stokes theorem for F = (x2 + yz) —2xyj and s is the surface of the
rectangle bounded by x =-a,x=a,y =0,y =h.

By using Green's theorem

Q.3 Find the value of the integral j[(—ysin x)dx+cosxdy)], where C is the
c

triangle formed by lines y =0,x = z/2,andy = 2x/ 7.
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Q.4

Find the value of the integral j[(x2 + y)dx+(2x+ y)dy)], where C is the

square formed by linesx=0,x=1,y=0,andy = 1.

*kkkhkkikkikkkx

UNIT : 3
GEOMETRY
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UNIT-3
BLOCK INTRODUCTION

Geometry is a very important part of Mathematics , but at the same time
it is very difficult for a common student to understand the basics.

In this block we have tried to explain the concept in easy manner to

understand the reader followed by solved examples.
Unit - 111 We find certain crucial points which lies on conic and are responsible

to determine the shape. We illustrated tracing of conic with the help of few

examples. In the second phase ideas of confocal conics is given.

Object : At the end of this block a reader would be able to apply the ideas in

solving the related problems.
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UNIT 3
UNIT Il : SYSTEM OF CONICS

STRUCTURE

3.1 General equation of second degree
3.2 Tracing of conics

3.3 System of conics : Confocal conics

3.4 Polar Equation of a conic
3.1 General Equation of Second Degree

The general equation of second degree is given by
ax’ + by’ + 2hxy+2gx+2fy+c=0 ... (1)

We know that equation (1) always represent a conic section i.e. (1) may either

be a parabola or an ellipse or a hyperbola or a circle or a pair of straight lines.
3.1.1 Nature of a conic

In general we can find the nature of a conic by the following conditions.

S. No. Condition Curve
1 A #0,h?* <ab an ellipse
2 A#0,h*=ab a Parabola
3 A #0,h* >ab a hyperbola

4 A#0,h* >ab,a+b=0 | arectangular Hyperbola

5 A=0 Pair of straight lines

6 A#0 h=0,a=b A circle

7 A=0,h=ab Two parallel straight
lines.
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Where : A =

3.2

-~ O =

Q - 9o
O -~ Q

Tracing of conic -

The following points are useful to trace a conic.(ellipse & hyperbola)

S =ax’ +2hxy+by* +2gx+2fy+c=0

(1)
@)
(3)
(4)
()

(6)

(7)
(8)
9)

(10)

Nature of conic : as per the article 3.11.
Centre : By solving s/ =0, 5s/5y=0
Determination of ¢': Find ¢’ = gx'+hy’+c, where X', y’ be the centre

of conic.

Standard form : Transform the equation of conic in standard form

Ax? + 2Hxy +By* + ¢’ =0.

Length of the axes : (A—1/r*)(B—1/r*)=H?, find two values of r
l.e.r&ry

Equation of axes : Equation of axes are

(A-1/r?)x+Hy=0 & (A-1/r?)x+Hy =0 and change in reference
of origin.

Eccentricity : e = m

Latus rectum : 1=2r/r,

Foci : Co-ordinates of foci (x'+er,cose, y' +er,sina).,

A—_—

1
). .
Here tana = Tl is slope of axis.

Directix : Equation of directrix is obtained by

(x—X)cosa+(y—y')sina==r /e
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(11) Equation of asymptotes : (In case of a Hyperbola)
S =ax® + 2hxy +by® + 2gx+2fy —ga— f4=0

hf —bg
ab—h?’

_ gh—af

Where « = = .
ab—h

B

3.2.1 Tracing of parabola

Let the parabola be given

ax® +2hxy +by? +2gx+2fy+c=0 .. (1)

Since (1) represents a parabola, so the terms of second degree in (i) must form a
perfect square, therefore put a=a?*,b=* so that h* =ab=a’p* i.e. and reduce
(i) to (ax+ By)* +2gx+2fy +c=0which can be written as

(ax+ B+ A) = 2x(ad—g)+2y(BA— £ )+ (£ —c). (Note) ....... (ii)

Choose 2 so that straight line ax+pgy+4=0

and 2x(ai-g)+2y(B2— f)+(#2 —c)=0 are at right angles to each other.

There fore, {—ﬁj (— “’1_9]=—1or PR ()
B a’+p

pAL—f
Putting this value of 2 (ii), we get
(ax+ py+ A =2(“f—_ﬂy)(ﬁx—ay)+ 22 —c (Note)

al + B

Which can be written as

{ax+ﬁy+/’t}2=2(afﬁg){ﬁxay+k} 1
o+ p7) | @ +p)| o'+ g o+ 5

o o]

., 2(cf - p9) :
or Y= ——L22 X, ...(IV)
(a2+ﬁ2)3

Where Y =(ax+ gy + A)[\Ja® + p*; X :(,B>(—ay+k)/1/ia2+ﬂ2i
The equation (iv) is of the form Y? = 4ax.

2

_ 2 -pg) | pr-ay+k
(@ +p°)"| J(&®+ p?)
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2(of - f9)

Hence latus rectum of the parabola = 4a = & )
Axis of the parabolais Y =0 i.e. ax+py+1=0 (V)

and the tangent at the vertex of the parabola is

X=01I.e HX-ay+k=0 (Vi)

Vertex of the parabola is obtained by solving X=0 and Y=0 i.e. equation (v) and
(vi).

Directix of the parabola is given by X+a =0

Equation of the latus rectum is given by X-a=0.

Focus of the parabola is obtained by solving X=a, Y=0.

Tracing : Draw the rectangular axes and plot the vertex. Draw the axis and
tangent at the vertex, which are mutually perpendicular lines through the vertex.
Find also the points where the parabola meets the co-ordinate axes. Then trace

the curve.
SOLVED EXAMPLE

Ex.1:Trace the conic 16x* —24xy +9y* —104x—-172y +44=0 and find the

co-ordinates of its focus and the equation of its latus rectum.
Sol. Here a=16,b=9,h=-12,g =-52, f =-86,c =44

a h g 16 -12 -52
therefore : A=lh b f|=]-12 9 -86/=0
g f ¢ -52 -86 44

Also h? = ab so the conic is a parabola Now by rearrangement of the equation

we have

(4x—3y) -104x-172y+44=0 (1)

This can be written as
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(4x-3y+ AV =(8A+104)x+(-64+172)y + (2 —44) (ii)

Choose A such that the straight lines 4x—-3y+ A4 =0 and
(84+104)x+(~64+172)y +(# —44)=0 are at right angles. So my.m, = -1
Or (4/3)[(-84 +104)/(— 64 +172)]= -1 or 254 =50 ori = 2.

Hence equation (ii) reduces to (4x —3y +2)° =120x +160y — 40
Or (4x—-3y+2) =40(3x+4y-1)

Or 25[(4x—3y+2)/1/42 +32)]2 =4ox5[(3x+4y—1)/,/i42 +37 i] (Note)
[(4x -3y +2)/5F =8[(3x+4y-1)/5]or Y?=8X
where Y =(4x -3y +2)/5, X =(3x+4Y —1)/5

. latus rectum of the parabola i.e. 4a=8=a=2

Axis of the parabolais Y =0 i.e. 4x-3y+2=0  ......... (iii) and
Tangent at the vertex is X =0 i.e. 3x+4y-1=0  ....... (iv)
\ Y
\ Fd
&
: "N\ /r
580 AN
; o
"7% 0 ‘Qif\“‘“~ o
yl

Now on solving (iii) and (iv) we get the co-ordinates of the vertex of the
parabola as (~1/5, 2/5).

Also the focus of the parabola is given by X =a, Y =0 i.e. 1/53x+4y-1)=2 &
4x—-3y+2=0
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Solving these we find the focus is (1,2).
Therefore the equation of the latus rectumis X —a=0
I.e. 1/5(3x+4y-1)=2=3x-4y-11=0

Required tracing of curve is as per diagram.

Ex. 2 : Trace the conic8x® —4xy +5y* -16x—14y+17 =0 and find the equation of
its axes.

Sol. The conic is 8x* —4xy +5y* -16x—14y+17=0 ............ (1)
Here h> =(—2)° =4 and ab=8x5=40 and A=0

Since h? < ab therefore the conic is an ellipse.

The centre (x, y') of this conic is given by

?: 8x' -2y’ -8=0 and ?: —2x'+5y'—7=0 on solving we get x'=3/2,y' =2.
X y

.. the centre is (3/2,2).

Referred to parallel axes through the centre, the equation

of the conic (i) is 8x* —4xy +5y*+c'=0 ... (i1)
where ¢’ =gx' + fy'+¢c=0=-8(3/2)-7(2)+17=-9
.. from (ii) the equation of the conic referred to parallel axes

through the centreis 8x* -4xy+5y*=9 ... (iii)

Or (8/9)x*-2(2/9)xy+(/9)y*=1 (iv)

The direction of the axes are given by tan 26 =2h/(a—b)

Or [2tano/{L—tan? o)}~ —4/(8—5)=—4/3 or 2tan? 9—3tan6-2=0
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Or tano3+/(9+16)]/4=2,-1/2

Let tang, =2 and tan@, =-1/2. Now changing (iii) to polar co-ordinates we get

2 9(cos? 0 +sin’ ) _ 9fl+tan’0)

r = =
8cos? 6 —4cosOsind+5sin’d 8—4tand+5tan’ o

when tan@, =2, r2 =9(1+4)/[8 - 4(2)+5(4)]=45/20=9/4

when tan 0, =-1/2,r? =9(1+1/4)/[8—4(-1/2)5(1/4)]=45/(32 +8+5)=1

.. the lengths of the semi axes of the ellipse are 3/2 and 1.

Hence to draw the curve take the point C(3/2,2). Through C draw ACA'

inclined at an angle tan™ 2 with x-axis and mark off CA=CA =3/2.

Draw BCB' inclined at right angles to ACA’ and mark off CB=CB’ =1.
Putting y=0 (i) we get 8x*-16x+17 =0, which gives imaginary values of x.

.. the conic does not meet the x-axis.

Putting x=0 in (i), we get 5y*-14y+17=0, which also gives imaginary values of
y.
.. the conic does not meet the y-axis

The shape of the curve is as shown as in the above figure.
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Equation of the axes : Consider the equation (iv) of the conic . It is in the

standard form Ax®+2Hxy+ By’ =1

Therefore the equation of the major axis of the ellipse referred to original axes
IS

(A=1/r2)(x=x)+H(y—y)=0 or (8/9-1/1)(x—3/2)—2/9(y—2)=00r 2x—y—1=0

Also the equation of the minor axis of the ellipse referred to original axes is
(A=1/82)(x=x)+H(y—y)=0 or (8/9-1/1)(x~3/2)—2/9(y —2)=00r2x—y—-1=0
Ans.

Ex.3: Trace the conic x*>+4xy+y>-2x+2y—-6=0. Also find its foci and
eccentricity.

Sol. The conicis x* +4xy +y*—2x+2y—-6=0. ... (1)
Here h? =(2)° =4 and ab=1x1=1and A= 0

Since h? > ab therefore the conic is an hyperbola.

The centre (x,y’) of this conic is given by
x'+2y' -1=0 and 2x'+y'+1=0 on solving we get x' =-1, y' =1.

.. the centre is (-1,1).

Referred to parallel axes through the centre, the equation of the conic

(i) Is x*+4xy+y*+c'=0

where ¢'=gx' + fy’' +c=0-1(-1)+1(1)-6=—4

-.from equation (ii)

X2 +4xy +y° =4
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The direction of the axes are given by tan26 =2h/(a—b)
Or  tan20=4/(1-1)=o0 or 20 =90°,270°

Or 9=45° 135

Let 4 =45 and 6, =135".

Now changing (iii) to polar co-ordinates we get

2 4(c0529+sin29) B 4(1+tan29)

r<= =
cos’0+4 cos@ sind +sin®@ 1+4tand+tan’ 6

When 0=45°, r? =4(1+1)/fL+4(-1)+1]=4/3

When 6=135°, r2 =4(1+1)/[L+ 4(-1)+1]=—4

. The transverse axis is of length 4/./3 making an angle of 45° with x-axis.

Hence to draw the curve take the point C(-1,1). Through C draw a straight

line ACA' inclined at an angle of 45° with x-axis and mark off CA=CA'=2/+/3
Also draw a straight line MAM’ perpendicular to CA and mark off
AM =AM’ =+/4 =2

Join MC and M’C and produce asymptotes.

Putting x=0 in (i) ,we get y* +2y-6=0 , which gives x=+\7-1=3.6 and 1.6
approx.

.. the conic meets the x-axis at a distance 3.6 and -1.6. from the origin
Putting y+0 in (i), we get x2—2x—6=0, which gives x=+.7+1=3.6 and -1.6
approx.

.. The conic meets y-axis at distances 1.6 and-3.6 from the origin.

The shape of the curve is as shown as in the above figure.

Eccentricity: The eccentricity of the conic
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= w/irf —r? ) 2 = J[(4/3)—(-4)]/(4/3) =4 =2 Ans.

Foci : If O be the inclination of the transverse axis , the co-ordinates of the foci

referred to the original origin are (x'+er,cosé,y’ +er,sing)
=1+ 2(2/3)V2 )1+ 2(2/43) V2|
0=45°1, =2/+/3

1+ 2(v2/43)i1+2(V2/43) Ans,

CHECK YOUR PROGRESS :
Q.1 Trace the conic 16x* +24xy +9y* —3x+4y—-7=0

Q.2 Trace the conic 8x* +4xy +5y? —24(x+y)=0

Q.3 Trace the conic 2x* +5xy +3y*—9x—11y+10=0

Q.4  Trace the conic 13x* —10xy +13y* +10x — 26y —59=0
Q.5 Trace the conic x* —2xy + y* —3x+y—-2=0.

3.3 System of conic : Confocal conics-

Conic : The general equation of conic is given by

ax® + 2hxy + by + 2gx+2fy +c=0

where a,b,c, f,g&h are six constants. Throughout this unit we shall denote

equation of conicas S=0 .

Equation of conic under different Conditions :
(1) Equation of conic through the point of intersection of a conic S=0 and a
straight line U =0 is given by S+AU=0, where A is an arbitrary

constant.
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3)

(4)

()

(6)

Equation of conic through the points of intersection of a conic S=0 and
two straight lines U, =0 and U, =0 is given by S+AUU, =0, where A is

an arbitrary constant.

Equation of conic passing through the points of intersection of conics

S,=0and S,=0isgiven by s, +1S, =0, where A is an arbitrary constant.

Equation of COMMON CHORD of two circles S,=0 and S,=0 is
obtained by S,-S, =0.
{Note : Before subtracting make the coefficient of x*> and y* unity in

both the equations.}.

Equation of conic through the five points if no four points are in a
straight line.

If three points are in straight line then the required conic must be a pair of
straight lines.

Equation of conic through the four fixed points is given by

(ax+by—1). (ax’+by’—1)+Axy =0

Where ax+by-1=0& ax'+by’-1=0 are the equations of line joining two

points.

Contact of conics- let S=0 and s1=0are two conics, if we eliminate x between

these two equations , the resulting equation is clearly of fourth degree and

hence we conclude that two conics cuts each other at four points in which two

or all four points may be imaginary.

Case | : If two conics cut each other like diag. (i), then it is known as the

contact of zero™ order
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Case 2 : If two conics touch each other at A intersects each other at two

different points, then it called contact of first order

Case 3 : If the three intersection point of two conics coincide and fourth be the

different, then it is called contact of second order

Case 4 : If the all four intersection points coincides then it is called contact of
third order.

Double Contact : If two conics touch each other at two points , then they are
said to have double contact. Required equation of conic having double contact
with a given conic is S+AU* =0, where S=0,U =0 are the equation of conic &

a straight line.

Confocal conics : Two conics are said to be confocal , when they have
common foci .

Note : Equation of confocal conic with x*/a®’+y*/b*>=1 is given by

x*/(a® + 22) +y? /(b2 +12):1

Property of confocal conic : Confocal conics cut each other at right angle .
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Proof : Let the two Confocal conics are x?/(a?+ 4 )+ y? /(b? + 4, )=1
and  x?/(a%+ 4, )+ y? (b? + 4, )=1

Let they cut each other at point (x,, y,). Now the equation of tangents to them
at (xy,y1) are

XX, /(a2 +21)+ Y, /(b2 +21):1

and xx, /(a2 +12)+ Yy, /(bzﬂp2 ):1

Clearly their slopes are
—xl(b2 +ﬂ1)/ yl(a2 +21) & —xl(b2 +AQ)/ yl(a2 +AQ)

If they cut each other at right angles ,then

X202 +4,) (0% +4,) 1 X A (i)

Vi) +4) @ ia)ai+a) 00+ 4) 0+ 4)

Also (x, y;) lies on both the conics, therefore
X /(a2 + 2 Y2 /(b2 +/11):1 and ¥/ /(a2 +ﬂ,2)+ y? /(b2 +12):1
On subtracting, we get

X [1/(a2 +/11)—1/(a2 +/12)]+ y? [1/(b2 +21) —1/(b2 +/12)]: 0
X :

Y1
+
(a2 +Zl) (a2 +/12) (b2 +Ai)(b2 +/12)
Since (i) and (ii) are the identical , confocal cuts each other at right angle .

SOLVED EXAMPLE
Ex.1 : Find the equation of the parabola which touches the conic

X2+ Xy +y? —2x—2y+1=0

0 (ii)



at the point where it is cut by the line x+y+1=0.

Sol. The equation of the conic which touches the given conic at the points where
it is cut by the given line is

(x2+xy+y2—2x—2y+l)+l(x+ y+1¥=0 (1)

@+ )%+ @+ 22y + @1+ A)y* (24 -2)x+(22-2)y +(1+1)=0 (1)

If (ii) represents a parabola then we must have "h? =ab".
Or [1/20+22)f =@+ A). 1+ 2)=@1+24) =41+ 1) = A1=-3/4.
.. From (i) the required equation is

(x2 +Xy +y? —2x—2y+1)—3/4(x+ y+1f =0
Or x*-2xy+y?-14x-14+1=0. e Ans,

Ex.2: Find the equation of the circle which passes through the given point (2,-3)
and the point of intersections of circles x*+y*+2x+3y=7 & x*+y*—-6x+2y=5

Sol. Required equation of conic which passes through the point of intersections
of two circles is given by

(X2 +y? +2x+3y =7 )+ A(x + y> —6x+2y —5)=0 cevenenennn(1)

[property (i)]

As per the question conic (i) passes through the point (2,-3), therefore
On putting x=2 and y=-3 in (i), weget A1=1/10 ... (i1)
Now On putting the value of A in (i) we get the required equation i.e.
1O(x2 +y? +2x+3y—7)+(x2 +y? —6x+2y—5):0
=11x* +11y* +14x+32y=75 . Ans.
Ex.3: Find the conic confocal with the conic x*+2y* =2 which passes through
the point (1,1).
Sol.: The equation of the given conic can be written as
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X*[2+y*/1=1 (1)

Then the equation of its confocal conic can be written as

2 2

X y ..
— =1,
244 (+2) )

since (ii) passes through the given point (1,1), therefore

12 1?
(2+4) ’ (1+2)

= P+i-1=0 =4 =(1+8)2 & 4 =(-1-5)>2
Now 2+4 =2+(-1++5)2=(5+3)2

and 1+ 4, =1+(-1+5)/ 2= (V5 +1)/2
On putting the above values in (ii) we get an equation of confocal conic i.e.
2x° 2y?
+
(\/g + 3) (\/E +1)
On rationalizing the denominator & solving we get ,
=3x° —y? +\/§(y2 — xz): 2. . Ans. (i)

=1

Similarly another equation of confocal conic is obtain by putting the value of A,

in (ii).

Ex.4: Prove that the equation to the hyperbola drawn through point on the
ellipse  x*/a*+y?/b®>=1 whose eccentric angle is 'a' and which is confocal

with the ellipse is

2 2

X2 _ .y2 — a2 _b2
CoS™ SiInN" o«
Sol. The equation of the given ellipse x*/a*+y?/b* =1 .....(1)
Equation of confocal to conic (i) is x?/(a?+A)+y? /(0> +A)=1. ... (ii)
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Now we know that the co-ordinates of the point on the ellipse
x?/a® +y?/a® +y®/b? =1 whose eccentric angle is "o’ is (a cosa, bsina).
Since the confocal (ii) passes through point (a cos«, bsine), we have

a’cos’a b?sina

(@2+2) (b*+2) -

On solving, we get

7+ A(a?sin? & +b? cos?a)=0

Or A=0o0r A= —(azsin2 a +b? cos® a)

Now on putting the value of l:—(azsin2a+b2 cos’ a) in (it) we get the required
2 2

y 2_b2.

equation of confocal conici.e. ——-—-—=a
COS"a SIn"«o

CHECK YOUR PROGRESS :

Q.1 Find the common chord of the circles 2x*+2y®+14x-18y+15=0 and
4x* +4y? -3x—y+5=0 [Hint : S;-S,=0]

AnNs. 31x—-35y+15=0

Q.2 Find the equation of the conic which passes through the five points (0,0),
(2,3), (0,3), (2,5), and (4,5).
ANS. 5x*—10xy +4y* +20x—-12y =0

Q.3 Show that the confocal conics cut at right angles.

3.4 Polar Equation of a conic:

Definition of conic : A conic is the locus of a point which moves so that its

distance from a fixed point is in a constant ratio to its perpendicular distance
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from a fixed straight line . Here fixed point is known as focus , fixed straight
line is directrix and constant ratio is known as eccentricity. Generally we take

S- focus(Pole),SZ- axis(initial line), LSL’- latus rectum=2I (length)

SP =r, angle PSN =6 , KZ= directrix (fixed straight line).

TO REMEMBER
Note(1) Polar equation of conic with eccentricity e and latus-rectum 21 is given

by I/r =1+ecos@ (axis is taken as initial line &pole as focus)

NOTE :  Throughout this topic we shall consider the equation of conic as
I/r=1+ecosé.

Note : (2) Polar equation of conic is I/r=1+ecos(@—a) If the axis

inclined at an angle a to the initial line.
Note : (3) Equation of directrix is given by 1/r =1+ecos(@—«). In case 2 the

equation of directrix is given by 1/r =ecos(@ - «)

MEANINGFUL WORDS:

1. Eccentricity (e)— Ratio of perpendicular distance of a point (say) P (lies
on conic) from directrix KZ and focus S, i.e. SP/PM =¢.

2. Chord — A straight line which cuts the conic at two points.

3. Focal Chord - A straight line which cuts the conic at two points & passes
through the focus.

4, Vectorial angle — An angle which is obtain by joining the point with the
pole (focus).

5. Perpendicular focal chord — Two focal chord perpendicular to each-

other.
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10.

Ex.1

Soln.

Vectorial angles of vertices of a focal chord — If o be the vectorial
angle of a of vertices of a focal chord ,then the vectorial angle of another
vertices is (n+a) [NOTE].

Tangent of a conic -A straight line which touch the conic at a point.
Normal of a conic - A straight line which is perpendicular to tangent at a
point.

Asymptotes - A straight line which touch the conic at a point whose
distance froe focus (pole) is infinity.

Chord of contact — If two tangents are drawn from a given point to a
given conic , then the chord joining the points of contact is called chord
of contact of the given point w.r.t. the given conic. Its equation is given
by .

(1/r —ecoso)1 /12 —ecosd) = cos(0 - &)

Solved Example

Show that the equation I/r =1+ecos@ and |/r =—-1+ecosdrepresent the

same conic.

The given equation are I/r =1+ecos¢ ... (1)
and I/r=-1+ecos¢ . (i1)
Take a point P(r', 8") on (i), then r' given byl/r'=1+ecos@' .......... (iii)

Now we know that point (r', ©") can be written as (- r',z +@'), therefore it
also lies on (i).so we have
~I/r'=1+ecos(0"+r)
= l/r'=-1+ecos¢ (1v)
[cos(6'+7) = —cosd]
Here equation (iv) clearly the locus of (ii), Hence (i) and (ii) represent the

same conic.
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Ex.2 Show that in a conic the sum of the reciprocals of the segments of any
focal chord of conic is constant.

Soln. Let the equation of conicbe 1/r=1+ecos® ... (1)
Let PSP’ be a focal chord . If the vectorial angle of P is a ,
Then the vectorial angle of P’ is (z+a). Now since P(SP,a) &
P'(SP',z+a) both lies on the conic, their co-ordinates satisfies the
equation (i).
Therefore we have
I/SP=1+ecO0Sex (111)
and I/SP'=1+ecos(r+a)=1-ecose¢ ... (iv)
on adding (iii) and (iv) we get
(1/SP)+(1/SP)=2
or (1/SP)+(1/SP)=2/1 (constant) Proved.

Ex.3 If PSP' and QSQ' are two perpendicular focal chord of a conic , then show

1, 1
SP.SP ' QS.SQ

That Constant.

Soln. Let the equation of conic be
I/r=1+ecos@.......... (1)

P (m4x)
Let PSP’ and QSQ' be two perpendicular focal chord. let the vectorial

angle of P is "a"
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Ex.4

Soln.

Then the vectorial angle of P, Qand «Q Are respectively
(7z+a),(z+ajand (3—”+aj.
2 2
. T , , 3T .
Now since P(SP,a), P'(SP',ﬂ+a),Q(SQ,E+aj and Q(SQ,7+aJ lies

on the conic , their co-ordinates must satisfies equation (i).

Therefore we have

I/SP=1+ec0Sex . (1)
|/SP'=1+ecos(z +a)=1-ecosa e (iii)
1/SQ=1+ecos(z/2+a)=1+esina ., (iv)
and 1/SQ'=1+ecos(37/2+a)=1+esina cerveeee (V)

now multiplying (ii),and (iii) ,we get
(1/SPX1/SP")=(1+ecosa). (L+ecosa)

or

W/sP\/SP)=(1-e’cos?a)1? ............... (A)
similarly multiplying (ii),and (iii) ,we get
(1/SQX1/SQ) = (L—e?sin’a)1? ............... (B)
finally on adding (A) and (B)

2
1, 1 _(2-¢)

that =
SP.SP'  QS.SQ B

(constant)

Prove that the perpendicular focal chords of a rectangular hyperbola are
equal.
Let PSP' and QSQ' are two perpendicular focal chord of a conic, then as

preceding Ex.(3), we have

PSP'= PS + SP'= 2I(1— e?cos? a)z 2l /(1+ 2c0s* a) [In hyperbolae=+2]
= —21/cos? o = 21/ cos® e [in magnitude]

And
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QSQ'= QS +SQ'=2/[L-e?sin’ )= 21 /L - 2sin® &)= 2l I cos
Therefore
PSP'=QSQ' Hence proved.

Ex.5 If PSQ and PHR be two chords of an ellipse through the foci SandH.
Show that (PS/sQ)+(PH /HR) is independent of the position of P.
Soln. Let the vectorial angle of P be “.a.” and the equation of the ellipse be
I/r=1+ecos¢ (1)
since P lieson (i) ,s0 we get
I/SP=1+ecOSex: . (i1)
Also the vectorial angle of Q be "z+¢" and as Q lies on (i) , so we have
|/SQ=1+ecos(z +a)=1-ecosa ... (iii)
Adding (ii)and (iii) ,we get
I/SP+1/SQ=2
or
1/SP+1/SQ=2/1
or
1+(SP/SQ) = 2sP/I(on multiplying both side by SP) ...(iv)
Similarly we can get
1+(PH/HR)=2PH/I (V)
Adding (iv)and (v) ,we get
2+[ (SP/SQ) + (PH/HR) 1= (2/1) [ SP+PH] =(2/1) (2a),
[.. SP+PH=2a for ellipse]

or
(SP/SQ) + (PH/HR) = (4a/l) - 2 = constant and independent of o i.e. the
position of P. hence proved.

Some Important Derivations :
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(1) Equation of chord joining two points on a conic : let the equation of conic

be IF:1+ ecosd............ )

Let o and B be the vectorial angles of the two points P and Q on (i).

Since P lies on (i) so we have
1 =1+ecosa
SP

or

I
"~ (1+ecosa)

.. the polar co-ordinates of P are I—,a Similarly

(1+ecosa)
i I
Qs {(1+ ecosf3) "B}

Let the polar equation of the(chord say) line PQ is

Acos@ + Bsing = L (11).
r

OBJECT: To find the eqn. of chord we simply find the value of A & B.
Suppose P lies on (ii) ,then we have

I
(1+ecosa)

Or

Acosa + Bsina =

Acosa + Bsina = (1+ecosa) .............. (111)
Similarly as Q lies on (ii) ,we get

AcosfB+Bsinf=(1+ecosf).............. (iv)
On multiplying (iii) by sinf and (iv) by cosa and subtracting we get

the value of B i.e.

Bsin(a — f) = cosf —cosa = Zsin{% (o + ﬂ)}sin{% (o — ,6’)}
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sin{; (a+ ,8)}

cos{; (a - ,8)}

Similarly on multiplying (iii) by sinf and (iv) by sina and subtracting

Or B=

we get
cos{1 (a+ ﬂ)}
2
cos{; (6 - a)}
Now on substituting the values of A and B in (ii) we get
cos{1 (a+ ,B)} sin{1 (a+ ﬁ)}

I 2 2
—= + e (cosf +

r 1 1
cos{2 (L - a)} cos{2 (a— ﬁ)}

A=

sin@

ecosd + sec{% (L- a)}{cos{% (a+ ﬁ)} c0SO +5S in{% (a+ ,B)}s in 0}

or I ecose+se0{1(ﬂ - a)}co{@ _1(“ + 'B)}
r 2 2

which is our required equation of chord.

(1) Equation of Tangent at a point P(a) : As we know that a tangent is a
straight line which touch the conic at a point whereas a chord cuts the
conic at two points, therefore A CHORD BECOMES TANGENT IF 2"P
POINT MOVES (REACHES) TO 1°" POINT. So the required equation
of tangent is to be obtain by moving Q(pB) towards P(c). Therefore in the

equation of chord above we replace B with o

! =ecosd + sec{1 (a - a)}co{@ - l(oz - a)}
r 2 2
Or IF = ecosd + cos|@ — o] Which is required equation of tangent.
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Perpendicular Line : let the -equation of a straight line is

Acosé + Bsing L (1)
r

Then equation of any line perpendicular to (i) is obtained by writing [%+ 0} for

0 and changing | to a new constant L.  [NOTE].

(2) Equation of Normal at a pont P(a) : let the equation of conic be

! =1l+ecos® . (1)
r

Let Equation of Tangent at a point P(ry,a) to (i) is
L ecosfd+cos[@—al e (11)
r

Now as we know that a normal is a straight line which is perpendicular to

tangent therefore with the help of the above note equation of normal is

L:ecos(£+¢9j+cos (£+¢9j—a ................... (111)
r 2 2

If (ii1) is normal to (i) at P(ry,a) ,then (iii) must pass through P. Therefore point

P satisfies equation (iii) .So we have

meofgreen 5]
—=€C0§ —+a |+Co0S | - +a |—a
n 2 2

Or L=—ensine (1v)

Also P(ry,a) lies on (i),therefore we have

|
—=1+ecosa

n
[

= n=——
! (1+ecosa)

on putting the value or ry in (iv) , we get

_ —elsina

L=
l+ecosa



From (iii) and (v) equation of normal atP is

—elsina
(1+ecosa).r

} =—esingd —sin(@ - a)
(NOTE)

elsina
r.(1+ecosa)

=esing +sin(@—-«), Which is required equation of Normal

Solved Example

Ex.1 If PSP’ is a focal chord of a conic . Prove that the angle between tangents

2esina
1—g?

atP & P’ is tan‘l{ }Where a. is a vectorial angle of P.

Soln. If vectorial angle of P is a. ,then the vectorial angle of P’ is (n+a.).

| =1l+ecos¢ .l (1)

Let the equation of conic be "

Now equation of tangent at P(a.) is
|

r

ecoséd +cos[f — a]

ecos@ +cos@dcosa +sinfsina

(e+cosa)cosd +sindsina

(e +cosa)rcos@+rsindsina
I = (e +cosa)x +sina y [since x=rcos O, y=rsind]
the slope of the tangent at P is

(e +cosa)
m=——->
sina

(say)

Now to obtain the slope of tangent at P’ ,we replace o with n+a,

Therefore slope of tangent at P’ is
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_ e+cos(r +a) _ (e —cosa) (say)
sin(z + «) sina

. the required angle is = tan™* M}
| (I+mm,)

= tan*

[ 2esina
| (1-¢€?)

(on putting the values of m; and m, & solving.) hence proved.

Ex.2 Show that the condition that the line L Acosé + Bsin@may touch the
r

conic 1 =1+ecosd is (A—e)? +B? =1.
r

Soln. The equations of conic and the line are IF =1+ecos® ... (1)

L Acosé+Bsine (11)
r

The equation of the tangent to (i) at P(a) is

! = ecosd +coslf — a]
r

eCc0os@ +cosfdcosa +sinfsina

(e+cosa)cos@+sinfsine (111)
Let the line (ii) touch the conic (i) at the point P(a), then (iii) is identical to (ii).

Therefore on comparing the coefficient of the same terms ,we have

_(e+cosa) sina
A B

1

= cosa=A-e and sino=B

. on squaring and adding , we get (A—e)?>+B?=1. (reqd. condition)
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Ex.3 Show that the two conics h_ 1+e,cosé
r

and la _ 1+e,cos(@ — «)will touch one another if
r

IZ(1—e3) +15(1—e5) = 2l,],(1—ee, cosa)
Soln. Let the given conics touch one another at the point whose vectorial angle

Is B . Then the equations of the tangents at the common point 3 to the conics are

h_ cos@-p)+ecosd (1)
.

and la cos@-p)+e,cos@-a) L. (ii)
r
equations (i) and (ii) may be written as [using cos(A-B)=cosAcosB-sinAsinB]

h_ (g +cosp)cosd +singsing L (111)
r

L = (e,Cc0Ssa +cosp)cosh + (sinf +e,sina)sing L (iv)
r

As per the question (iii) and (iv) should be identical (being common tangent)

Hence on comparing the coefficients ,we have

L, (cosf+e,) sin g3
I, (e,cosa+cosp) (sind+e,sina)

or

(I, —1,)cosp =le,cosa +l,e, and (I, —1,)sing =-le,sina

on squaring and above ,we get
(I, —1,)? =17e3 +13ef —21,1,e,e, cosar
or
IZ(1—e3) +15(1—e3) = 2l,l,(1—ee, cosa) Hence proved .
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Ex.4 Two equal ellipses of eccentricity e are placed with their axes at right

angles and they have one focus S in common. If PQ be a common tangent, show

that the angle PSQ is equal to Zsin‘l(%j.

Soln. Let one of the ellipse be IF =1+ecos® . (1)

Then equation of the other ellipse is L 1+ecos@ - %) .....(11) [as per the given
r

condition]

N, O (a+p)

Let the common tangent PQ touch the ellipse (i) at P(o) and (ii) at Q(a.”),then
angle PSQ=c-> (ii1)
Also the tangents at P to(i) and at Q to (ii) are

|

r

ecoséd +cosff—aj

= ecos@+cosfcosa +sinfsina

= (e+cosa)cosd+sindsina D e (1v)

and ! eco{&—%}mos[@—a']
r

esin@+cos@cosa'+singdsina’,

cosdcosa'+(e+sina')sing, L. (v)
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Now as (iv) and (v) represent the common tangent, so it is identical. Therefore

on comparing , we get

1_(e+cosw) _ Sina
cosa' (e+sina')
= (e+cosa)=cosa'and sina=(e+sina’) ... (vi)

Now on eliminating e , we have cosa- sina’ = cosa’ - Sina.

Or cosa —cosa'=sina'-sina
Or 2sin'?(a+a') +sin"? (a'—a) = 2cos”? (a + ') sin"? (a'—ar)
Or tan'?(a+a')=1 or tan'’(a+a')=tanz/4
= %(a+a') =xl4 (vii)
Also from (vi) we get e = sina.- sina’
= 2cosn/4 sinYz (o’-a)
= 2 (112) sin% (o’-o1)
anglePSQ = (a’-a)) = 2 sin™(e/v2) Hence proved.

CHECK YOUR PROGRESS :

Q.1 Show that the equations |I/r = 1- ecos6 and I/r = -1- ecosO represent the
same conic.

Q.2 In any conic prove that the sum of the reciprocals of the segments of any
focal chord is constant.

Q.3 PSP’ is a focal chord of the conic. Prove that the tangents at P and P’
intersects on the directrix.

Q.4 Prove that the portion of the tangent intercepted between the conic and

the directrix subtends a right angle at the corresponding focus.

Q.5 Let LSL’ be the latus rectum of the conic. If the normal at L meets the
conic again at Q , then show that SQ = I(1+3e*+e*)/(1+e*-e%).

k*khkkkkkhkkhkkikkkk
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Structure:

4.1  Cone with given base.

4.2 Generators of the cone.

4.3  Condition for three mutually perpendicular generators.
4.4  Right circular cone.

45  Cylinder

UNIT - IV
CONE AND CYLINDER
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4.1

4.1.1. Definition of Cone: A cone is a surface generated by moving

4.1.2 Methods to find the equation of cone under different

Cone with given base.

¥ vertex

straight line which passes through a fixed. point and intersects
a given base curve. Here moving straight line is known as

generating line, fixed point is called vertex.

it id
conditions: guiding curve

Type | - When vertex («,f,7), base curve of the conic
f(x,y) =ax® +2hxy +by’ + 2gx+2fy +c=0 and equation of plane z = 0 (say) are
given.

Working rule:

Step I: Consider a line passes through the vertex (a, 3,7)i.e.

X—a Yy-pB -y .
e (i)

assuming that the I,m,n are the d.c.'s.
Step I1: Find out the point of intersection of line (ii) and plane by putting z = 0 (as per

the question) in (ii). So we get [a — Ii/,ﬂ — ﬂ,oj
n n

Step 111: Satisfy the equation of base curve by putting X =« —I—, y= ﬂ_T z=0

Step IV: Obtain required equation of cone by eliminating I,m,n using equation (ii)

e put L=X=% M_Y=B rtom ] in (il
n z-y'n z-y

Ex. 1 Find the equation of a cone whose vertex is the point («,f,7) and whose

generating lines passes through the conic

Sol.

x*/a® +y*/b®*=12=0.
The equation of the given base curve is
x*/a® +y*/b®*=12=0.

The equation of any line through the vertex («, S,y) are
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(x—a)/l=(y-B)Im=(z—y)/n.
The line (2) meets the plane z = 0at the point given by

| m n n n

If this point lies on the conic (1), then

1 Iy 2 my
?(“‘ﬂ +b_2(ﬁ_7j=1'

Eliminating I, m, n between the equations (2) and (3), the required equation of the

conic is given by

sl H e (] -

or b(cz - ) +a%(Bz—w) =a’h*(z—y). Ans.

Ex.2 Find the equation of the cone with vertex (5, 4, 3) and with
3x* +2y® =6,y +2z=0 as base.
Sol.  The equations of the base curve are (given)
3x*+2y*=6,and y+z=0.
The equations of any line (generator) through (5, 4, 3) are

X-5 y-4 z-3 y+z-7
1 m n m+n

The line (2) meets the plane y+z =0 at the point given by
Xx-5 y-4 z-3 0-7 -7

1 m n m+n m+n
. . 71 m 7n
i.e.  atthe point (5— A4 — 3— j
m+n m+n m+n
or (5m+5n—7| 4n—3m 3m—4nj
m+n  m+n  m+n

If this point lies on the base curve given by (1), then this point will satisfy 3x? + 2y* =

6 and therefore
3(5m+5n—71)* +2(4n—3m)’ =6(m+n)’.
Putting proportionate values of I,m,n from (2) in (3) and thus eliminating I,m,n

between the equation (2) and (3), the required equation of the cone is given by
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35(y —4)+5(2-3)-7(x—5) {+2{4(z-3)-3(y - 4)}’ =6{(y—4)+(z-3)
or  3(By+5z-7x) +2(4z-3y) =6(y+z-7)
or  147x*+87y? +101z% +90yz — 210zx — 210xy + 84y + 84z — 294 =0. Ans,

Type Il - When a given general equation of 2nd degree f(x,y,z) = 0 representing a cone .

Working rule:
Step I: Make the given equation f(x,y,z) = 0 homogeneous by introducing a new
variable t. i.e. F(x,y,zt)y=0 (i)
Step I1: Find a—F:O,g—F:O,@—F:Oanda—F:O
OX oy 0z ot

Step I11: Putt =1 in all the four relation.

Step 1V: Solve first three relations for x ,y and z.
Step V: If the obtained values of x,y,z satisfy fourth relation i.e. aa—f =0 then the

given equation represents a cone.
To find vertex.

Step VI: The obtained values of x,y,z denote the coordinates of vertex.

Ex.3 Prove that the equation
AX* —y? +2xy —3yz +12x —11y + 62 +4=0,
represents a cone. Find the co-ordinates of its vertex.
Sol.  Let
F(X,y,2)=4x" —y® +22% + 2xy —3yz +12x —11y + 62 +4=0 ....(1)
Making (1) homogeneous with the help of t, we get
F(X,Y,2,t)=4x% —y® +22° + 2xy — 3yz +12xt — 11yt + 62t + 4t ....(2)
Differentiating (2) partially with respect to x, y, z and t successively, we have

OF [ Ox =8x+ 2y +12t,0F /oy = -2y + 2x — 3z — 11t
OF /0z=4z +3y +6t,0F /ot =12x —11y + 62 + 8t

Putting t = 1 in each of the relations in (A) and then equation them to zero, we get
8x+2y+12=0 ... (3), 2X-2y-3z-11=0 ... 4)
3y+4z+6=0 ... (5), 12-11y +6z2+8=0.....(6)
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Now we shall find x, y, z by solving the equations (3), (4) and (5).
Eliminating x between (3) and (4), we get

5y +6z+28=0.
Solving (5) and (7), we get

y=-2,2=-3.

Ex.4 Prove that the equation
ax® +by® +cz? +2ux+2vy+ 2wz +d =0
represents a cone if u®/a+v?/b+w?/c=d.
Sol.  Let
F(x,y,z)=ax? + by? +cz? + 2ux + 2vy + 2wz +d =0, (1)
Making (1) homogeneous with the help of t, we get
F(X,y,z,t)=ax? + by® +cz? + 2uxt + 2vyt + 2wzt + dt?, ..(2)
Differentiating (2) partially w.r.t. X, y, z and t successively, we have

OF | 0x = 2ax + 2ut, oF / oy = 2by + 2vt A)
OF |6z = 2cz + 2wt, OF / 6t = 2ux + 2vt + 2wz + 2dt

Putting t = 1 in each of the relations in (A) and then equating them to zero, we have
2ax+2u=0,2by +2v=0, 2cz + 2w =0,
2ux+2vy+2wz +2d =0.

From the first three equations, we have
Xx=-ula,y=-v/b,z=-wlc.
Putting these values of x, y, z in the fourth equation namely 2ux + 2vy + 2wz + 2d =0,
we have
2u (-u /a) + 2v (-v/b) + 2w (-w/c) + 2d =0
or u’/a+v’/b+w’/c=d. ..(3)

Hence (3) is the required condition that the given equation (1) represents a cone.

Important Note:

Every second degree homogeneous equation whose vertex is at origin represent a

cone. Therefore the equation ax? +by? +cz? + 2hxy + 2gzx+2fyz =0 represent a cone

with vertex (0,0,0).
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Type 111 - Equation of a cone whose vertex is at the origin and equation of base
curve and the plane is given or two equations representing the guiding (base) curve in which

one equation is of first degree.

Working rule:
Required equation of cone is obtained by making the other equation homogeneous

with the help of the first equation.

Ex. 5 Find the equation of the cone with vertex at (0,0,0) and passing through the circle
given by
X2 +y2+22+x-2y+32-4=0,x—y+z=2.
Sol.  The given equations of circle are
x> +y?+z%+x-2y+3z-4=0 .. (1)
and X-y+z=2or(x-y+z/2=1 .. (2
Making (1) homogeneous with the help of (2), the equation of the required cone with

the vertex at the origin is
(X% +y? +22)+%(x—2y+3z)(x—y+ z)—4.%(x— y+2)2=0

or  2(x*+y?+72%)+ (x* —=3xy+4zx+2y? —5yz +37°%)
— (X% +y?+2% —2xy+22x—2yz) =0

or  xX>+2y*+3z2%+xy—yz? =0 Ans.

Ex.6 Find the equation of the cone whose vertex is (0,0,0) and which passes through
the curve of intersection of the plane.
IX+my+nz=p
and the surface a® +by’+cz?=1
Sol.  The equation of the given curve are
ax? +by? +cz2=1 .. (1)
and (Ix+my+nz)/p=1 .. 2
Making (1) homogeneous with the help of (2), the equation of the required cone with

the vertex at the origin is given by
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(ax? +by? + cz?) ={(Ix+ my + nz) / p)?

or p?(ax® +by? + cz?) = (Ix+ my + nz)?. Ans.
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4.2  Generators of the Cone:
Definition: A straight line which generates the cone is called generating line or

generators.

4.2.1 Finding generator lines.
Type 1V: To find the equation of generating line when the equation of cone and

equation of plane is given.

Working rule

Step I: Consider a straight line (by assuming it as reqd. equation of generating line)

Il m n
Step I1: Since equation (i) is a generators of the given cone, therefore its d.c.'s I,m,n
satisfy the equation of cone and plane. So put x =1, y = m and z = n in both the
equations and numbering (ii) and (iii).
Step I11: Eliminate m [(or n), (or )] between (ii) and (iii).

Step 1V: Make the obtained equation quadratic in terms of I—Kor mj,(or Lﬂ
n n m

Step V: Finally by putting the values of | & n in (ii) [equation of plans]. We get the
values of I,m,n.

So the required equation of generators is obtained by putting the values of I,m,n in (i).

Ex.7 Find the angle between the lines of section of the plane 2x + y + 5z = 0 and the
cone 6yz - 2zx + 5xy = 0.
Sol.  The equation of the given plane is
3X+y+52=0 (1)
The equations of given cone s 6yz - 2zx + 5xy = 0. .(2)
Let the equation of a line of section of the cone (2) by the plane (1) be given by x/l =
y/m =z/n ..(3)
Then3l+m+5n=0 ..... (4) and 6mn - 2nl +5Im =0 ..(5)
Eliminating m between (4) and (5), we get
6(— 31 —5n)n — 2nl +5I(— 31 —5n)=0 or 30n* +45nl +15|° =0
or  2n°+3nl+1%2=00r(2n+1)(n+1)=0.
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4.2.2

2n+1=0o0rn+1=0.
When 2n +1=0.e. | =- 2n then from (4), m =n.
1/(-2) =m/1 = n/1.
Again whenn + | =0i.e. | =-nthen from (4), m =-2n.
I/1 =m/2 = n/(-1).
Hence the equations of the lines of section are

XY _ZgXY_ 2
-2 1 1 1 2 -1
Let & be the angle between these lines of section.

Then cos 0 (2).1+ D). + @)1 _ 1

JE2P+ 0 + @ WIf + @7+ (n7) ©
~. the acute angle @ = cos™ (1/6).

Angle between two generators line.

: X z
Let the two generators line of a cone are — = —— =—and — = —— = — then angle
1 M 4 2 My Ny

between two generators lines is given by
.1, + mym, +nyn,

COS@: 2 2 2 2 2 2
\/(Il +m +n .\/(I2 +m5 +n;

NOTE: Two generating lines are said to be mutually perpendicular if angle between them is

Ex.8

Sol.

and

or

Show that the plane ax + by + cz = 0 cuts the cone yz + zx + xy = 0 in
perpendicular lines if 1/a + 1/b + 1/c = 0.
Let the equations of a line of section of the section of the cone yz + zx + xy = 0 by the

plane ax + by + ¢z = 0 be given by

x/l=y/m=z/n (1)
Then mn+nl+Im=0 (2
al +bm+cn=0. ..(3)

Eliminating n between the equations (2) and (3), we get 0
m {-(al + bm)/c} + {-(al + bm)/c} | +Im =0

al®+ (a+b-c) Im+bm?=0,
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or a(l/m)* +(@a+b—c)l/m)+b=0. .(4)
This is a quadratic equation in I/m and hence it shows that the given plane cuts the
given cone in two generators (i.e. lines). Let I, my, ny_and I, my, n, be the d.c.'s of
these two lines so that the product of the roots of the equation (4) is given by

| b

1 |_2<_
m m, a

IZIZ mlm2 nan
= = by symmetry).
a_ 1b | 1/c DY symmetry)

There lines of section will perpendicular if

LI, +mm, +nn, =0ieif 1/a+1/b+1/c=0.

4.3 Condition for three mutually perpendicular generators.
A cone whose vertex is at the origin having three mutually perpendicular generators
if the sum of the coefficient of the terms X%, y* and z% is zero i.e. if the equation of cone is.

ax? +by? +cz% + 2xyz+ 2gzx+ 2hxy =0 the required condition for three

mutually perpendicular generatorsisa+b+c=0

Ex9 If x/1=y/2=12z/3 represents one of a set of three mutually perpendicular
generators of the cone 5yz - 8zx - 3xy = 0, find the equations of the other two.
Sol.  The equation of the given cone is.
Syz-8zx-3xy=0 (1)
In the equation of the cone (1), the sum of the coefficients of X%, y? and z? is zero,
hence the cone (1) has an infinite set of three mutually perpendicular generators.
Thus if x/1 = y/2 = z/3 is one of a set of three mutually perpendicular generators then
the other two generators will be the lines of intersection of the given cone (1) by the
plane through the vertex (3, 0, 0) and perpendicular to the given generator namely x/1
= y/2 = z2/3 i.e. by the plane 1.x + 2.y + 3.z = 0. Let x/I = y/m = z/n be a line of
intersection, so that we have
5mn-8nl-3lm=0 ..(2)
and [+2m+2n=0 .(3)
Eliminating | between (2) and (3), we get
5mn-8n(-2m-3n)-3(-2m-3n)m=0

or 6m? + 30mn + 24n° = 0 or m* + 5mn + 4n> =0
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or (m+4n)(m+n)=0orm=-4n,m=-n.

When m = - 4n, from (3). we have | - 5n =0 or | = 5n.

41 =-5m=20n or I/5=m/(-4) =n/l ..(4)
When m = - n, from (3), we have | +n=0or | =-n.
I=m=-norl/l=m/1=n/l(-1) ..(5)
Therefore, from (4) and (5), the equations of the other two generators are
x/5 =yl(-4) =z/1 and x/1=y/1=1/(-1) ...(6)

Clearly both these generators are perpendicular since
5.1+ (-4).1+ (1).(-1)=0.
Also each of these two generators is perpendicular to the given generator x/1 = y/2 =
z/3 since
51+4(-4).2+13=0and1.1+1.2+(-1).3=0.

Hence the required two generators are given by the equations (6) above.

Ex.10  Show that the condition that the plane ux + vy + wz = 0 may cut the cone ax’ +
by? + cz* = 0 in perpendicular generators is

(b+c)u? +(c+a)v? +(a+b)w? =0
Sol. This problem has already been solved in deduction 2 of 10. But here we provide
its complete solution.

Let the equations of a line of section of the cone ax® + by2 +cz? =0 by the plane

ux +vy +wz = 0 be

xN=ym=zmh. . 1)
Then al®>+bm*+cn’=0 . (2)
and ul +vm+wn=0. ...(3)

Eliminating n between (2) and (3), we get
al® +bm? +cf{—(ul + vm)/w}* =0
or (aw? = cu®)I? + 2culm+ (bw? +cv?)m? =0
or (aw? +cu?)(1/m)? + 2cuv(l/ m) + (bw? + cv?) =0...(4)

This is a quadratic equation in I/m and hence it shows that the plane ux + vy + wz

=0 cuts the given cone into two lines (or generators). Let l;,m;,n; and I,,m,,n, be the
d.c.'s of these lines. Then |, /m; and |, / m, are the roots of the equation (4). The product of

the roots of the equation (4) is given by
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ie. if

ie. if

43.1

2 2
I_l I_2: bw” +cv
m m, aw’ +cu?
W, —— mm,  nm
bw? +cv?  cu’+aw® av? +bu?

writing the third fraction by symmetry.
Now the generators (i.e. the lines) will be perpendicular if
(bW? +cv?) + (cu® + aw?) + (av® + bu?) =0

(b+c)u? +(c+a)? +(a+b)w? =0. Proved

The reciprocal cone
Definition: The reciprocal cone of the given cone is the locus of the lines through

the vertex and at right angles to the tangent planes of the given cone.

\ Reciprocal cone

Working rule to find the equation of reciprocal cone of a given cone -

ax? +by? +cz? + 2fyz + 2gzx+ 2bxy=0 .. (1)

Step I: First assume that the equation of reciprocal cone is

Ax? + By? +Cz% + 2Fzx+ 2Gzx +2Hzy =0 ... )

Step Il: Compare the given equation of cone with (1) and find the value of
a,b,c,f,g,h.

Step I11: Find the values of A,B,C,F,G,H where

b f h h h b h
3o g o e

A:‘ ,B= ,C=

f c g c h b g fl g f f c

Step 1V: To obtain the equation, put all the values in (2).
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Ex.11

Sol.

we have

or

4.4

line which moves in such a way that it passes through a fixed point
(vertex) and it makes a constant angle @ with a fixed straight line

through the vertex.

Find the equation of the cone reciprocal to the cone.
fyz + gzx+ hxy=0
The equation of the given cone is
fyz + gzx+ hxy=0. . (1)
Let the reciprocal cone of (1) be
Ax? +By? +Cz%2 + 2Fyz+2Gzx +2Hxy=0. . )

Comparing the equation (1) with the equation

ax® +by? +cz? + 2fyz + 2gzx+ 2hxy =0

a=0,b=0,c=0, f=1f,g=lgandh=1h.
2 2 2
A=—be- f2r=t g _Tgzco Lz,
2 4 4
11 1 1 1
F="gh-af"'=>9g.-h-0="gh;G="hf;H =~ fg.
| 293 297 4

Putting these value in (2), the equation of the cone reciprocal to (1) is given by

_11:2)(2_
4

f2x? + g%y? +h?z% —2ghyz—2hfzx — 2 fgxy =0

1 0 1 55 1 1 1
= ——hz°+2.=ghyz+2.=hfzx+ 2.= fgxy =0
49 y 4 49 y 4 4 gxy

Right Circular Cone:

Definition: A right circular cone is a surface generated by a

Here angle € is known as semi-vertical angle and the fixed

straight-line through the vertex is called the axis.

(B)  To find the equation of a right circular cone.

Let A(a, /3, 7)be the vertex of the cone an the equations of the axis AO be

(x—a)/l=(y-pB)/m=(z—y)/n,
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where I, m, n are the d.r.'s of the axis. Let the co-ordinates of any point R on the
surface of the cone be (X, y, z) so that the d.r.'s of the line AR are x—ca, y—f, z—y.If
6 is the semi-vertical angle of the cone i.e. the angle between the lines AO and AR is
6, then it is given by

l(x—a)+m(y—B)+n(z-y)

J02+m? +n2)\/{(x—a)2 +(y+pY +(z—7/)2}

Squaring and cross-multiplying, the required equation of the right circular cone is

cosd =

given by l(x—a)+m(y—B)+n(z—y)f
=(12+m?+ nz){(x—oz)2 +(y—p) +(z +7/)2}cos2 6.
Case I. If the vertex is at origin. If the vertex A be taken at (0, 0, 0) then putting
a ==y =0 in the equation (1) above, the equation of the right circular cone with the

vertex at the origin an semi-vertical angle & is given by
(Ix+my +nz)? = (1% +m? +n?)(x* + y* + z?) cos* 6
or (Ix+my +n2)? = (1% + m? +n?)(x* + y* + 2?)1—sin® 6)
or (17 +m?+n?)(x* +y? +2?)sin? @ = (1> + m? + n?)(x? + y? + z?) — (Ix+my + nz)?
or (12 +m? +n?)(x® + y? + z%)sin? @
= (mz —ny)® + (nx—12)* +(Iz—-mx)*. .. )

[By Lagrange's Identity]

Case 1. If the vertex is at the origin, the axis of the cone is the z-axis and the semi-vertical
angleis 4.

Let OX, OY, OZ be the co-ordinate axes. The vertex of the cone is at the origin O,
the axes of the cone is along z-axis OZ and the semi-vertical angle is @ Let R(x,y,z) be any
current point on the surface of the cone so that OR is a generator of the cone.

The d.c.'s of OZ are 0,0,1 and the d.r.'s of OR are x — 0,y —0, z— 0 i.e. x,y,z. The
angle between the lines OR and OZ is equal to the semi-vertical angle & of the cone.
Therefore

x0+y0+z1 B z

JO2+02 422 /X2 +y? + 22 B JC+y2+7°

or 22sec? 0=x>+y?+12% or x*+y%=1z%(sec? 6-1)
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or x> +y?=z%tan’0 . )
Case I11: If the vertex is at the origin, axis the y-axis and semi vertical angle is 6.
The d.c.'s of the y-axis are 0,1,0.Hence putting | = n =0 and m = 1 in the

equation (2) above, the required equation of the cone is given by
(X* +y% +2%)sin® =22 + X2, or (2% +x?)(1-sin?6) = y?sin® @

or 22 +x*=y*tan’0 . (4)

Case IV: If the vertex is at the origin, axis the x-axis and semi vertical angle is 4.
The d.c.'s of the x-axis are 1,0,0.Hence putting m =n =0 and | = 1 in the equation

(2) above, the required equation of the cone is given by
(X% +y2+22)sin?0=22+y?, or (y?+2%)(1—sin?6) =x2sin’ @

or y>+z?=x*tan’0 L (5)

Note: The students are advised to write complete proofs of cases Ill and IV as given in the

proof of case II.

Ex.12  Find the equation to the right circular cone whose vertex is (2,-3,5), axis
makes equal angles with the co-ordinates axes and semi-vertical angle is 30°.
Sol. The co-ordinates of the vertex A of the cone are given as (2,-3,5). If I,m,n are the

d.c.'s of the axis of the cone then since the axis makes equal angles with the co-ordinate axes,

we have
| m n_J@®+m*+n* 1
1 1 1 12412412 3

Consider a general point R(x,y,z) on the cone so that the d.r.'s of the generator AR
arex—-2,y+3,z-5.

Now the semi-vertical angle of the cone is 30° i.e. the angle between the axis of the
cone and the generator AR is 30°, therefore, the required equation of the right circular cone is
given by
A/~/3).(x—2) + @A/ /3)(y +3) + (1//3)(z-5)

H(x=2)? +(y+3)* +(2-5)}

c0s30° =
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ﬁ X+y+z-4
2

) B2+ (y 432 +(2-5))
Squaring and cross multiplying, we get.
AX? —4X+4+y? +6y+9+72° 107+ 25} = 4(x? + y* + 7°
+16 + 2Xy + 2xz + 2yz —8x —8y —8z}
or 5(x? +y? +2%) —8(yz+ 2x+ Xy) —4x +86y —582 + 278 =0

Ex.13 A right circular cone is passing through the point (1,1,1) and its vertex is the
point (1,0,1). The axis of the cone is equally inclined to the co-ordinate axes.
Find the equation of the cone.

Sol. The cone is passing through the point (1,1,1) and hence the d.r.'s of the generator

passing through (1,0,1) and (1,1,1) are 1, -1, 1-1, 1-1,1i.e. 0, 1, 0.

The axis of the cone is equally inclined to the co-ordinate axes and so its d.c.'s are

1/7/31//31//3  [See above example]

Thus if @ be the semi-vertical angle of the cone, then

0sh — 0.U/V3+1@W3)+0V3) 1 M

(0% +12 +0?) NE

Now let R(x,y,z) be a general point on the cone and so the d.r.'s of the generator AR
are x-1, y-0, z-1. The angle between the axis of the cone and the generator AR is also 8 and

so, we have
(x=1).(1/+/3) + y.(1/3) + (z-2).(1/3) +
K =D2+(y)* + (-1

cosd =

X+y+2-2

1 :
> E:\/5\/(x2+y2+22—2x—22+21 wing ()
Squaring and cross multiplying, we get
OC+y2+2%—2x—22+2)=(x+y+2-2)?
or YZ+2ZX+Xy—X—2y—-2+1=0

This is required equation of the right circular cone.

Ex.14  Find the equation of the right circular cone with vertex at (1,-2,-1), semi-

vertical angle 60° and the axis.
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(x=1)/3=—(y+2)/4=(z+1)/5.
Sol. The vertex of the cone is A(1,-2,1). The equation of the axis of the cone
(x=1)/3=—(y+2)/4=(z+1)/5.

.. The d.r.'s of the axis of the cone are 3,—4,5. The semi vertical angle of the cone
is 60°.

Consider a general point R(x,y,z) on the cone and so the d.r.'s of the generator AR
are x-1,y + 2, z + 1. Hence the required equation of the right cone is given by

c0s60° — 3.(X=-D)+(-4)(y+2)+5.(z+1)

HE? +(472 + @)W -D? + (y+2)? + (247

or 1i_ 3Xx—-4y+52-6
2 [B0)\ 2 +y% +22 —2x+4y + 22 +6)
Squaring and cross-multiplying, we get
25(x% +y% + 2% —2x+ 4y + 22 +6) = 2(3x— 4y + 52 —6)?
or 7x? —7y% —257% +80yz— 602X + 48Xy + 22X+ 4y +1702 + 78 =0.

Ex.15 Find the equation of the cone generated by rotating the line x/1 = y/m = z/n

about the line x/a = y/b = z/c as axis.

Sol. The equation oft he axis of the cone are
xla=yb=2zc. . 1)
The equation of a generator of the cone are
xN=ym=zmh. (2

Let & be the semi-vertical angle of the cone then it is the angle between the lines
(1) and (2) and so we have
al+bm+cn
J@ +b2 +c2 (12 +m? +n?)

cosd =

Consider a general point R(x,y,z) on the cone. Now the vertex A of the cone being
the point of intersection of (1) and (2) is given by (0,0,0). Thus the d.r.'s of the generator AR
arex—0,y-0,z-0,i.e. x,y,z. Also the angle between the axis (1) and the generator AR is &
and hence, we have

ax+hby+cz
J@2 +02 +¢2) (<2 +y? +22)

Equating the two values of cosé given by (3) and (4), the required equation of the

cosd =

cone is given by
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or

ax+by+cz al+bm-+cn

\/x2+y2+22 _\/(I2+m2+n2)

(ax+by+cz)?(12 + m? +n?) = (x* + y? + z%)(al + bm+cn)?.

CHECK YOUR PROGRESS :

Q.1

Q.2

Q.3

Q4

Q5

Q.6

Q.7

Find the equation of cone whose vertex is (&, f,y) and the base curve is
ax? +by? =1,z =0.

[Ans. a(oz - )% +b(fz =) =(2-7)°]
Find the equation of cone whose vertex is (1,2,3) and base curve is
y?> =4ax,z=0

[Ans. (22 —3y)? =4a(z —3)(z—3X)]

Prove that the equation
x? —2y? —3z% —4xy +4yz —52x +8x —19y — 2z = 20

represent a cone whose vertex is (1,-2,3).

Find the equation of the cone whose vertex is the origin and base curve is given by
ax’ +by? =2z,Ix+my +nz=p

[Ans. p(ax® +by?) =2z(Ix+my +nz)]
Find the equations to the lines in which the plane 2x+y—2z =0 cuts the cone

ax? — y2 +3z% = 0. Also find the angle between the lines of section.
Ans. Xo Y o X_ Y 2, o 2T
1 -4 -21 -2 0 35
Find the equation of right circular cone whose vertex is (1,1,1), axis is

x-1 y-1 z-1

1 > and the semi vertical angle is 30°.

[Ans. 19x? +13y? + 322 +8xy +12xz — 24yz —58x —10y + 62 + 31 =0]
Find the equation of the cone formed by rotating the line 2x+ 3y =5,z =0 about
the y-axis.

[Ans. 4x? —9y? +4z° + 36y —36 =0]
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4.5 Cylinder
Definition: A cylinder is a surface generated by a moving straight line which
moves parallel to a fixed straight line and intersects a given curve. Here the given

curve is known as guiding curve, fixed straight line is axis of the cylinder.

generator radius

axis

guiding curve

45.1 To find the equation of cylinder whose generators are parallel to the line (axis)

Iizl:E and guiding curve ax® +2hxy+zy® +2gx+2fy+c=0,z = 0 is
m n

given.

Working rule

Step I: Consider the equation of generating line

X=X _Y—-VY1 -4
= = Y e 1
i (1)

m n

where point ( X, Yy, Z;) lies on the cylinder.

Step 11: Find the point of intersection of line (1) and plane by putting z=0 in (1) .
Step I11: Point of intersections satisfy the equations of conic (guiding curve). So
satisfy it.

Step 1V: Finally the locus of point (X, Y;,Z;) gives us the required equation of

cylinder. So replace X, Yy, Z; by X.y,z respectively.

Ex.1 Find the equation of a cylinder whose generators are parallel to the line x =y/2
= -z and whose guiding curve is
3x2+2y?=1z=1

Or
Find the equation of a cylinder whose generators are parallel to the line x=y/2 = -z

and passing through the curve.
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3x*+2y?=1,2=0
Sol. The equation of the given guiding curve are
3x?+2y?=12z=0
The equation of the given line is
xl=ylR=2z(-1) . (2)
Consider a current point P(x1,y1,21) on the cylinder. The equations of the generator
through the point P(x1,y1,21) which is a line parallel to the given line (2) are
x—x)1=(y-y)/2=(z-z)I-) .. 3)
The generator (3) meets the plane z = 0 in the point given by

X=% _Yy-y _0-27
1 2 -1

Since the generator (3) meets the conic (1), hence the point (X +2;,Y; +22;,0)

ie. (X% +12,y;+22,0)

will satisfy the equations of the conic given by (1), and so we have
3(x +2)% +2(y; +22)) =1
or 32 + 2%,z + 22) + 2(yZ +4yyz, +427) =1
or 3x7 +2y7 +1127 +8y,2, + 62,% —1=0
.. The locus of P(xq,Y;,Z;) i.e. the required equation of the cylinder is given by

3x%+2y% +11z° +8yz+62x—1=0

Ex.2 Find the equation of the cylinder which intersects the curve

ax? +by? +cz® =1 Ix+my +nz=p and whose generators are parallel to the

axis of x.
Sol. The equation of the guiding curve are
ax* +bu? +cz?=1 .. (1)
and IX+my+nz=p .. (2)

Now the equation of the cylinder whose generators are parallel to x-axis will not
contain the terms of x. Hence the required equation of the cylinder is obtained by eliminating

x between the equation (1) and (2), and so is given by

2
a{%} +by? +cz? =1
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—my —nz
{ From(2),x = p—my—nz Iy }
or a(p—my —nz)% +bl?y? +cl?z? =12
or a(p? +m?y? +n?z? —2pmy —2pnz+2mnyz) + b12y? +cl?z% =12
2 2y,,2 2 2y52 2 12y _
or (am® +bl9)y“ +(an” +cl“)z° + 2amnyz—2ampy — 2ampz+ (ap” —19) =0
45.2 Right Circular Cylinder:
Definition: A cylinder is called a right circular cylinder if the generators are always
at a constant distance from the fixed straight line. Here the constant distance is
called the radius.
P(x y2)
Lo n _,_--.-r. ........ e
4 @
(@, B y)
45.2.1 To find the equation of right circular cylinder with radius r and equation of its axis
be X°% _ y-p _7-y
I m n
Working rule

Step I: Find AP by using the formula of a distance between two pts. A and P i.e.

AP =(x—a)? +(y—B)* +(z-y)?
Step 11: Find AQ the projection of the point A («, £, 7) and P(x,y,z) i.e.

(X=a)l +(y—pB)m+(z—y)n
AQ =
0 JAZ +m? +n?)

Step I11: Put the values in
AP? = AQ? + PQ?

or PQ? = AP? — AQ?
Where PQ is radius.
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In brief compare the equation of axis with X I “_ y-~ _I77 and find the
m n

values of «, f3,7,1,m, and n. After putting all the values in above, we get the

required equation of a right circular cylinder.

Ex.3 Find the equation of the right circular cylinder of radius 2 whose axis passes

through (1,2,3) and has direction cosines proportional to 2,-3,6.

Sol. The axis of the cylinder passes through (1,2,3) and has d.r.'s 2,-3,6 hence its
equations are

x=-)/2=(y-2)I(-3)=(z-3)/6 .. (1)

Consider a point P(x,y,z) on the cylinder. The length of the perpendicular from the
point P(x,y,z) to the given axis (1) is equal to the radius of the cylinder i.e. 2. Hence the
equation of the required cylinder is given by [Put I=2, m=-3,n=6; a=1,3=2,y=3and r
= 2 in the equation (3) of the cylinder].

{6(y—2) - (-3)(z-3)}* +{2(z-3) - 6(x -1}
+H{(B(x-D)-2(y-2)}* =(2{(2)* +(-3)* +(6)*}
or (6y +32—21)% + (22 —6X)? + (—3x — 2y + 7)? = 4(49)
or A5%2 +40y? +132% +36Yyz — 247X +12Xy — 42X — 280y —126 2 + 294 =0

Ex.4 Find the equation of the right circular cylinder of radius 2 and having as axis
the line.
x=1)/2=(y-2)=(z-3)/2.
Sol. The equation of the axis of the cylinder are
x=D/2=(y-2)/1=(z-3)/12 ... (1)
Consider a point P(x,y,z) on the cylinder. The length of the perpendicular from the
point P(x,y,z) to the given axis (1) is equal to the radius of the cylinder i.e. 2. Hence the

required equation of the cylinder is given by
{2(y-2)-1(z -3} +{2(2-3) - 2(x -1}’ +{L(x-1) -2(y -2)’¥*
= (2°{(2*+(2*+ (2%}
or (y—z-1?+(2z-2x-4)*+(x-2y+3)*=36
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or

Ex.5

Sol.

(D).

5x2 +8y? +52% —4yz —8zx —4xy + 22x—16y —14z-10 =0

Find the equation of the right circular cylinder whose axis is x-2=z, y = 0 and

which passes through the point (3,0,0)

The equations of the axis of the cylinder may be written as
(x=2)/1=(y-0)/0=(z-0)/1.

First we shall find the radius r of the cylinder.

We know that

r = the length of the perpendicular from a point (3,0,0) on the cylinder to the axis

1
K@ + 0+ 1)
=1//2.

Consider a point P(x,y,z) on the cylinder. The length of the perpendicular from the

J[(0-0.0)% +{1.0-1.(3- 2)¥ +{0.(3-2)~1.0}*]

point P(x,y,z) to the given axis (1) is equal to the radius of the cylinder. Hence the required

equation of the cylinder is given by.

or

or

Ex.6

Sol.

{Ly-0z¥ +{L.z-1.(x=2)}* +(0.(x—2) —1.y}* = (1/~/2)*(1+0+1)
V2 +(z—x+2)%+y?=1
X2 +2y% +7% —22x—4x+42+3=0
Find the equation of the right circular cylinder which passes through the circle
X2 +y2+22=9,x—y+z=3.
The equation of the guiding circles are
X>+y*+z°=9 . (1)
and X-y+z=3. . (2

Since the cylinder is a right circular cylinder, hence the axis of the cylinder will be

perpendicular to the plane (2) of the circle and so the d.r.'s of the axis of the cylinder are 1,-

1,1.

Let P(X;,Y;,2;) be a point on the cylinder. The equations of the generator through

P(X, Yy, 2;) havingd.r's1,-1, 1 are

X=x)/1=(y-y)/I)=(z-2z)/1=r (say) ... (3)
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(1) and (2), and so we have

(r+x)%+(=r+y)?+(r+z)*=9

and (r+x)—(Cr+y)+(r+z)=3
or 3r2+2l‘(X1+y1+21)+(X12 +Y12 +212 -9=0 .. (4)
1
r:§(3_xl+yl_zl) ..... (5)

Eliminating r between (4) and (5), we get

1 2
5(3—X1+Y1_21)2+§(3—X1+Y1—21)(X1+Y1+21)+(X12+Y12+212_9):3-

or X2+ VP 2+ Y2y — X + XYy =9
.. The locus of P(X;,Y;,2;) or the required equations of the cylinder is

X2+ y2+22+yz—2x+xy=9

CHECK YOUR PROGRESS :

Q.1 Find the equation of the cylinder whose generators are parallel to the line
% = lz = é and the guiding curve is x> =2y? =1,z =0

[Ans. 3(x? +2y? + %) —2zx+8yz—3=0)]
Q.2 Find the equation of the cylinder whose generators are parallel to the line

X = LZ :é and the guiding curve is the ellipse X2 + 2y2 =1z=3

[Ans. 3x? +6y? +32% +8yz — 22X — 6X — 24y —167 + 24 = (]

Q.3 Find the equation of the right circular cylinder of radius 2 and whose axis is the line
x-1_y_z-3
2 z 1

[Ans. 10x? + 5y +132% —12Xy —6yz — 42X —8X+ 30y — 742 +59 = 0]

*kkkk
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UNIT V
CONICOID AND THEIR PROPERTIES

Structure

51 Central Conicoid and paraboloids.
5.2 Plane section of conicoids.

5.3 Generating lines

54 Confocal conicoid
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51 Central Conicoid and paraboloids.

5.1.1  Definition of Conicoid :- The surface represented by the general equation of
second degree in three variables i.e..
F(x,y,2)=ax? + by? + cz% + 2fyz + 2gzx + 2hxy + 2ux+ 2vy + 2wz +d =0
represents conicoid

5.1.2. Different forms of conicoid -

2
X° y° oz .
1 —+-+—=1 (an ellipsoid.
(1) 22 ( psoid.)
x> y? z? .
2 — +=5—— =1 (One sheet hyperboloid.)
a“~ b ¢
x2 y? z? .
3 — — =5 —— =1 (Two sheets hyperboloid)
a“ b° ¢
2 2
(4) XY ziz (Elliptic paraboloid)
a“ b c
2 2
X y° 2z . .
5 — —— = —— (Hyperboloid paraboloid
(5) 7 p )

5.1.3  Tangent lines and tangent plane to a conicoid
Definition: A line which meets a conicoid in two coincident points is called
the tangent line to the conicoid and the locus of the tangent lines to a

conicoid at a point on it is called tangent plane at that point.
Note - If ax? +by? +cz? =1 is the equation of conicoid and let («, 3, 7) be a point
on it, then the equation of tangent plane at point (a,,B,;/) Is given by

aax+bpyr+cyz=1

5.1.4  Condition of tangency
Let the equation of central conicoid is = ax® +3y? +cz> =1 .. (1)

and let the equation of given plane is =Ix+my+nz=p .. (2

121



Now we know that the equation of tangent plane to the conicoid (1) at point (a,,B,;/)
is.aax+bpy+cyz=2 L. (3)
So if (2) is tangent plane to (1), then (2) & (3) represent the same plane, so
on comparing the coefficients we get

n

ax _bf _cy_1 _n
cp

I m
=a=—f=y
I m n p ap bp
Now by our supposition point (a,,B,;/) line on (1), we have
aa® +bpB% +cy? =1

on putting the value of «, 3, we get
2 2 2
I m n
a— | +bl—| +¢c|—| =
SRERG

Which is required condition that the plane (2) touches to (1)
Note (1) Equation of tangent plane to conicoid (1) is obtained by putting the value of p
from (4) in (2)

IX+my+nz=+

Note (2) The conditions when the plane (2) touches the Ellipsoid

2 2 2
X z
a b® c
is a’l? +b’m? +c?n? = p?

and equation of tangent plane is

X+ my +nz =+a2l2 +h2m? + ¢2n?
Note (3) Equation of tangent plane to the paraboloid ax®-+by? =2cz at the point
(a,ﬂ,y) is given by aax+b gy =c(z+ y)and the condition that the plane (2) touch
to the paraboloid is given by

2 2
I m +@:0
a b c
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and equation of tangent plane is given by

12 m?
2n(Ix+ my+xz)+c(g+T) =0

Solved Examples

Based on tangent plane & condition

Ex.1 Find the equation of tangent plane to the conicoid
2x? —6y? +3z% =5 at the point (1,0,)
Sol. Equation of tangent plane to the given coniocid at (a,ﬂ,y) IS
20X—-6py+3yz=5
According to question a =1, =0, y =1

Required equation is

2X+32=5
Ex.2 Prove that the plane 3x+12y-6z-17=0 ... 1)
touches the conicoid 3x? —6y? -9z +17=0 ... (2)

Also find the point of contact
Sol. Equation of plane to the given conicoid at («, 5, 7)is
3ax-6py+9yz=-17 .. (3)
If (1) Touches to (2) then (1) and (3) represent the same plane so on comparing
the coefficients we get
Sa_-6p_9 17
3 12 -6 -17

-2 2
a=-10p=2,y=2/3

.. Plane (1) touches (2) at point (-1, 2, 2/3).

Ex.3 Find the equation of tangent planes to the elipsoid 7x*+5y® +3z% =60 which

pass through the line 7x+10y =30,5y -3z =0.
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Sol. Any plane through the line 7x+10y —30 =0,5y —3z =0 is given by
(7x+10y —-30)+ A(5y—3z)=0

or 7X+@0+54)y-34z=30. .. 1)
If it touches the ellipsoid
7x% +5y? +3z° =60 or lx2+iy2+322=1 ..... (2)
60 60 60
2 M2 p2

then the condition of tangency L + Y +—=1p gives
a C

60(7)? , 6010 + 51)2 .\ 60(—31)2

= (30)2
7 5 3 (30)
or 420 +12(100 +100 4 + 2542) + 20(94%) = 900
or 222 +51+3=0 or (1+1)(21+3)=0
or A=-1-3
2

.. From (1) the required tangent planes are
7X+5y+3z2=3014x+10y+9z =50

Ex.4 Show that the plane x+2y—2z =4 touches the paraboloid 3x? +4y? =24z.
Find the point of contact.
Sol. Let the plane X+2y—-2z=4 . 1)
touches the paraboloid 32 +4y2 =24z .. 2)
at the point (a,B,y).
The equation of tangent plane to (2) at the point (a.,[3,y) is given by
3ax+4y=12(z+Y)

or 3ax+4y-122 =12y L. 3
Since equation (1) and (3) represent the same plane, and so comparing (1) and
(3), we get
3¢ 4p -12 12y
—_— = = :2’ :3, :2 ..... 4
1~ 5 "5 a=2,f=3y (4)
Again since (o.B,y) lies on (2), we have 302 +48% =24y ... (5)
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Since values of o,B,y given by (4) satisfy (5), so the plane (1) touches the
praboloid (2) at (o,3,y), and from (4) the co-ordinates of point of contact are (2,3,2).

Ex. 5. Find the condition that the plane Ix+ my +nz =1 may be a tangent plane to the

paraboloid x? + y? =2z
Sol. Letthe plane Ix+my+nz=2 .. (1)
touch the paraboloid x*+y®=2z .. (2)
at the point (o.,B,y)
Now the equation of the tangent plane to (2) at the point (o.,f3,y) is
oxX+py=z+yorexXx+p-z=y . 3)
Since equation (1) and (3) represent the same plane, and so on comparing (1)

and (3), we get

Also, since (a.p.y) lies on the paraboloid (2), we have o + 2 =2y

1) m)? 1

— (_ _j + (_ _j = 2(_ _), [From equation (4)]
n n n

= 12+m?=-2n=12+m?>+2n=0

which is the required condition.

CHECK YOUR PROGRESS :

Q.1 Find the equation of the tangent plane to the conicoid 5x* —4y? +6z2 =25 at
the point (1, -1, 2).

Xx+5 y-4 z-11
-3 1

and the

Q.2 Find the point of intersection of the straight line

conicoid 13x*> —17y? + 722 =7
Q.3 Find the condition under which the plane ax + gy + yz =1 may touch the

conicoid x?/a% +y?/b%+2z%/c% =1
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Q.4 Find the equation of tangent at the point (2,0,2) to the paraboloid x? + y? = 2z

5.1.5Normal - A line through a point P on a conicoid perpendicular to the tangent
plane at P is called the normal to the conicoid at P.

5.1.6 General equation of the normal to the conicoid ax? +by® +cz? =1 at any
point (a.,B,y) .
Given equation of conicoid ax® +by? +cz>=1 ... 1)
Equation of tangent plane at (o,B,y) is aax+bpy+cyz =1 ... 2

Now as we know that the direction cosines of the normal is proportional to
aa,bp,cy.

.. Equation of normal to the conicoid (1) at (o.,B,y) is

X—a_y-p_1r

..... 3
aa bg cy )
If p is the length of the perpendicular from the origin to (2) the
1 2 1
= 2 2 2 = p = 2 2 2
J@a)? +(bB)* +(cy) (acr)” + (bB)* +(cy)
= (aop)* + (M)’ + (@)=L . (4)
From (3) & (4) it is clear that the direction cosines of the normal is

aop,bpfp,cmp

.. required equation of normal is
X—a_y-p _c-y

acp  bpp cp

Note (1) Equation of normal to the conicoid (ellipsoid)

2 2 Z2 ] ..
== z =1 at point (o.,3,y) is given by

X—a _ y-p _ 1I-y
(pala®) (ppIb®) (py/c®)
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Note(2) Equation of normal to the paraboloid ax? +by? = 2cz at point (c.f,y) is given

by

X—a_y-p_1-y
aa bpg —C

5.1.7 Number of normal drawn from a point (Xy,y1,Z;) to a conicoid.
Let the equation of conicoid be ax? +by? +z? =1 and let the given point be

Xuynz). L (1)
Now we know that the equation of normal to conicoid (1) at point (o,B,y) iS

x—a _y-f_1-y
aa bpg cy

Since the normal (2) passes through the point (x4,y1,21) we have

XxX—-a Y1-p 11—y
— = =r(say) ... 3
s Y, . (say) 3)
X Y1 4
= B = Y =— 4
¢ 1+ar'B 1+br7/ l+cr %
From (1) and (4)
X 2 2 7 2
a( 1 ) +b( N j +c(—1j -1 )
1+ar 1+br 1+cr

Clearly equation (5) gives six values of r, hence we can determine 6 points on
conicoid corresponding to each value of r.
.. Six normal can be drawn from a point.

Note: In the same way we can prove that five normals can be drawn from a point

to paraboloid ax? +by? = 2cz

SOLVED EXAMPLES

Ex.1 Find the equation of tangent and normal at the point (2,0,2) on the paraboloid

x? +y? =2z
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Soln. Equation of normal at point (o.,B,y) to x> +y2 =2z is

x—a_y-f_z-y
o p -1

According to question a=2,=0,y=2

Xx-=2 y-0 z-2
0 -1

Similarly equation of tangent is

ax + By =(z+7v)

= 2X=7+2

Required equation is

= 2X—-2=2

Ex.2 Prove that the lines drawn from the origin parallel to the normal to the conicoid

ax? +by? +cz? =1 at points lying on its curve of intersection with the plane

IX+my +nz = p generate the cone

2 2 2
X z IXx m
2l Y 2 :(—+—y+j
a b c a b
Sol. Let (a.,pB,y) be any point on the curve

ax? +by? +cz? =1, Ix+my+nz=p

~. Equations of normal at the point (,B,y) to the conicoid ax® +by? +cz? =1

x—a _y-f _z-7y

(2
ao bpg cy @)
.. Equations of the line passing through origin and parallel to the normal (2) are
X z
x_y_z (3)
aa bp cy

Since (o.,p,y) satisfies both the equations of (1), we have
aa’ +b[5’2 +c;/2 =Lla+mB+ny=p

From (4), on making homogeneous to the first equation with the help of second
equation, we have
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I mg+n ?
61052+b,6’2+C7/2=(0(+ p 7j
p

2 2 2 2
- locus of the line (3) is pz(x—ﬂrﬂ—j:(w) which is the
a p

required equation of required cone.

Ex.3 Find the equation of the normal at (4,3,5) on the paraboloid %xz —% y>=1z.

Sol. The equation of the given paraboloid is
1
2
The equation of the tangent plane to the paraboloid (1) at (4,3,5) is

3x(4)-2y(3)=3(z+5) or 4x—-2y—z="5.

X2_%y2:2 or 3x*-2y>=6z. .. (1)

The required normal in the line through (4,3,5) at right angle to the tangent plane
given by (2). Hence the required equation of the normal is
X-—4 y-3 z-5

4 -2 -1

5.1.8 Plane of contact
The equation of tangent plane at the point (xy',z') to the conicoid

ax® +by? +cz? =1 is axx' + byy' + czz' = 1. So if the plane passes through a point
(a,B,y) then aax'+bpy'+cyz'=1

.. Required plane of contact for point (a.,[3,y) is given by

aocx+ py+cyz=1
5.2 Plane section of conicoid

Introduction: We know that all plane section of a conicoid are conics and that

sections by parallel planes are similar and similarly situated conics. If the plane passes
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through the centre of conicoid, the section of conicoid is said to be a central plane

section.

5.2.1 Nature of plane section: Let the equation of central conicoid be
ax? +by? + cz? =1 and the plane be Ix + my + nz=p

Then the nature of the plane section of a central conicoid is an ellipse, parabola
or hyperbola according.

12 m? n?

—+—+—>,=0r<0

a b ¢

5.2.2 Area of the central plane sections

VIZ +m? +n?
T
Jocl? + cam? + abn?

If p is the length of the perpendicular drawn from the origin to the parallel

tangent plane to conicoid ax? +by? +cz? =1 then we have

_12/a+m?/b+n?/c
\/I2+m2+n2

. From (1) & (2) we have

Ao= —2
p~/abc
X2 y2 ZZ
Note(1) - If the conicoid be an ellipsoid —2+b—2+—2:1, then required area is
a C
. . o1 1 1 :
obtain by replacing a,b,c with PEErvabes respectively
a C
Required area is A, = ﬂaTbC
Note(2) Area of non central plane section is to be obtained by replacing a,b,c by
a b c ively in A, where ¢ = 1— .
FEAFTAPY respectively in A, where d° = _p_g
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CHECK YOUR PROGRESS :

Q.1

Q.2

Q.3

Q.4

Q5

5.3

Find the equation of the normal at the point (4,3,3) on the paraboloid

X2 y2

4 9
Prove that in general three normals can be drawn from a given point to the

paraboloid of revolution x* + y* = 2az, but if the point lies on the surface.

27a ( X* + y?) + 8(a - z)? = 0 two of them coincide.

Find the equation of the normal at point (4,3,5) on the paraboloid
Lol
Find the equation of normal to the ellipsoid 3x* + y* + 2z° = 7 at the point
(1-2,0).

Find the equation of the normal to the hyperboloid of one sheet 4x? -3y* + z2 = 2
at the point (1,1,1).

2 _

y

Generating lines

5.3.1 Definition of Generating lines

A surface which is generated by a moving straight line is called ruled surface

and the straight line is called generating line.

5.3.2 Nature of ruled surface

Surface on which consecutive generating lines intersect is called developable

surface. Eg. cone while surface on which consecutive generating lines do not intersect

is called a skew surface eg. hyperbolic paraboliod.

Working rule to find generators of a conicoid which passes through a point

(a,B,7)
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Step I- Take an equation of straight line which passes through the point (a.,f3,y)

by supposing that the d.c's are I,m,n i.e.

x—a:y—ﬂ:z—y ..... (1)
I m n
Step 11- Find the coordinates of a point lies on (1) by equating (1) with r (a

constant) i.e.
X—a _y=p_z=r _ )
I m n
= (a+Ir, +mr,y+Ir) lies on (1)
Step I11- coordinates of the point satisfies the equation of conicoid ( as the point

lies on conicoid.) , so put
X=a+lr,y=/+mr,z=y+nr inthe equation of conicoid.
Step 1V- Equate the coefficient of r? and r with zero.

Step V- Solve the obtained relation for I,m,n.
Step VI- Put the values of I,m,n in (2) to obtained the required generating lines.

2 2 2
Ex.1 Find the equation of the generators of the hyperboloid X—2+Z—2—Z—2 =1 which
a c

pass through the point (acosa,bsin«,0)
Sol. The given hyperboloid is
2 2 2
X“ y° oz
=1 . 1
a’? b? c? (1)
Let I,m,n be the direction cosines of the generator. Then the equation of the

generator through (acosa,bsin«,0) are given by

X —acosa —bsinae z-0
= y e . @)
m n

Any point on (2) is (Ir +acosa, mr +bsine, nr). If it lies on (1), then

(Ir + acosa)? L (mr +bsina)®  n®r? 1
a2 b2 C2
2 2 2 H
or r2 |_2+m_2_n_2 +2(Ic03a+msmajr:0 ..... 3)
a® b* ¢ a b
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If the line (2) is a generator of hyperboloid (1), it will lie wholly on (1) and for

this the relation (3) will be an identity in r, for which we have

12 m? n?
¥+b—2—c—220 ..... (4)
and lcosa/a+msina/b=0

or =
asina bcosa

=k(say). .. (5)

Putting for I and m from (5) in (4), we have
k?(sin® o +cos® &) —n?/c? =0 = n==+ck

Sk=+2 (6)
C

From (5) and (6), we get

I m n
asina —-bcosa tc

Putting for I,m,n in (2), the required equations of the generators are

X—acosa y-bsina z

asina —bcosa +*c

2 2 2
Ex.2 Find the equations to the generating lines of the hyperboloid x7+y?_z_ =1,

16
which pass through the point (2,3,-4).
Sol. The given hyperboloid is ﬁ+y—2—£ =1 .. Q)
4 9 16

Let I,m,n be the d.c.'s of the generator. Then, the equation of the generator
through (2,3,-4) are

X—2 _ y—-3 _Z +4

I m n

=r(say)y .. (2)
Any point on (2) is (Ir +2,mr +3,nr —4). If it lies on (1), then

1 2 1 2 1 2
—(r+2)°+=(mr+3)°——(nr-4)° =1
LUr+27+( ) 5 ("4
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have

2 2 2
or LS L T L SR TR S (3)
4 9 16 2 3 4

If the line (2) is a generator of (1) then (3) will be an identity in r, for which we

2 2 2
Py 4)
49 16

and bimno, )
273 4

Eliminating n, between (4) and (5), we have
2 2 2
I_+m__ l+m =0=Im=0
4 9 2 3
= eitherI=0orm=0
When | = 0, then from (5), we have

m+2:0 or m/3=n/-4.
3 4

Thus, the d.c.'s of one generator are
[/0=m/3=n/-4
When m = 0, then from (5)
So the d.c.'s of the other generator are given by
|\/l=m/0=n/-2 . (7)
Hence the equation of the two generators through the point (2,3,—4) are given by
X—2 _y- 3 _ I+ 4
0 3 —4

X—2 y-3 z+4
1 0 —2

and [from (2)]

CHECK YOUR PROGRESS :
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Q.1 Find the equation of generating lines of the hyperboloid yz+2zx+3xy+6=0

which passes through the point (-1, 0, 3).

[Ans. x+1: y—O: 2—3’x+1: y—O: z—3]
0 1 0 1 -1 3

Q.2 Find the equation of generating lines of the one sheet hyperboloid

x> y* z? . .
i - Rt 1 which passes through the point (2,-1,4/3)

[Ans. x—2: y+1: z—4/3’x—2: y+1: z—4/3]
0 3 -4 3 6 10

5.4 Confocal Conics
5.4.1 Definition: The conicoid whose principal section are confocal conics are called

confocal conicoids. Thus

2 2 2
X ot (1)

+ =1 L.
a’—1 b*—1 c*-1
represent the general equation of a system of confocal conicoid to the ellipsoid.

2 2
X2 y? 7
e e 2
a’ b?> c? @)

where A is a parameter.
Special cases : When a>b>cand —oo< A <o
Case 1: When A < 0 then the surface (1) is an ellipsoid.

Case 2: When 1 — —oo then we have sphere of radius infinity.
Case 3: When A > 0 and A < C?, surface is an ellipsoid but when A4 > ¢? from

the left, ellipsoid tends to ellipse.

2 2
X y
+ =z=0 .. 3
a’-c®> b%-¢c? )

In xy-plane
Case 4: When c? <A <b? then surface is a hyperbolid of one sheet, since

c?-1<0.
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Case 5: When A —c?(from the right) the surface becomes ellipse (3) while

A — b? (from the left) it becomes hyperbola.

G 72

a2—b2 bZ_CZ

in zx-plane.

y =0, =1 L (4)

Case 6: When b? < 1 <a?, then surface is a hyperboloid of two sheets, since
b? - 1<0,c2—1<0.While 1—b? it becomes hyperbola.
Case 7: When A —a?,b%<i<a?, (from the left), surface reduce to the

imaginary ellipse.

y z
x=0, + =-1
a2 _p2 a2_c2

Case 8: When 4 > a?, the surface is always imaginary.

5.4.2 Confocal through a given point

Let the given conicoid be

2 2 2
X yA
_E+X_+_E
a“~ b° c

and let the equation of a conicoid confocal to (1) be

=1 (a>b>c) (1)

X2 y2 Z2

+ + =1 2
a’—-1 b’-1 c*-2A @)

Let the confocal conicoid (2) passed through a point P(a,B,y) say, then we have

o + ’82 + 72 =1
a’—1 b’—1 c*-1

This is a cubic equation in A, so it gives three values of A which indicate that
three confocal conicoid passes through point P. Let the values of A be A{, A, Az in

such a way that
a’ >4 >b%> 14, >c? > 4, then
Case 1: If A = A3 the surface is an ellipsoid.

Case 2: If A = A, the surface is a hyperboloid of one sheet.
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Case 3: If A = A, the surface is a hyperboloid of two sheets.

5.4.3 Condition of confocal touching to a given plane
Let the given plane be
IX+my+nz=p . Q)

and the given confocal conicoid be

X2 y2 Z2

+ + =1, then the required condition of tangency is given b
a?-1 b% -1 c*-21 | JNEY S Y

12(@® = 1) + m?(b® — 1) +n?(c®> — 1) = p°

5.4.4 Confocal Cut at Right Angles.
Let P(X;, Y;,2;) be acommon point of the confocals.
X2 y2 Z2
2 + 2 + 2
a“—-A4 b°+4 c+4

=1 . (1)

2 2 2
2X - Zy - 22 =1 .. (2
a“+4, b°+A4, c°+4,

and

Substituting (X, y;,2;) in both equations (1) and (2), and substracting, we get

1 1 2 1 1 2 1 1 2
2 a2 Xt T2 it - z; =0
d°+4 a"+4, b*+4 b+ 4, C°+4 C°+4

- X Vi 2} ~
e %){(az +A)@* + ) ’ (b® + A)(0% + 2,) ’ (c®+A)(c? +/12)} -
X Vi 2} ~
i @* +4)(@* + 4,) ' (0% + 4) (0% + 1) " €2+ 2)(C2+4,) 0 .3
[ A # 4]

The equation of tangent planes at the common point (X, Y;,2;) of the confocals
(1) and (2) are respectively.

X W
a’+l, bP+y A+ i
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XX vy 2z
and CE—— L -1 -1 L. 5
a’+1, b%’+1, c*+1, ©)
If planes (4) and (5) cut one other at right angle, then

X Vi 4

@ v i)al ) OO+ a) (PN Ty

which in same as (3). Thus the tangent planes at ( x;, y; z;) to the confocals are at

right angles.

Hence two confocal coincoids cut one another at right angles at their common

points.

Cor. The tangent planes at a point, to the three confocals which pass through it,

are mutually at right angles.

5.4.5 Confocals Through a Point on a Conicoid.

Let P(xq, yy,2;) be any point on the conicoid

2 2
a“~ b° c
If P be on the confocal whose parameter is A, we have

2 2 2
X z
1 . N 1 _1

+
a’—-1 b?’-1 c?-2

Then the parameters of the confocals through P, are given by the following two

equations:

X . Y, 7 | 7
a’—-1 b’°-1 c*-2a a’ b?> c?

C
. 1 1), 1 1), ( 1 1)2
le., —— [X{ + ——|Y; + -— |21 =0
(az—/l azjl (bz—/’t bz)yl 21 ¢2)7

X2 y2 Z2
ie, A —5— +——2 +—— =0
a“(@a—-1) b°(b°-1) c(c=-A)

Xl2 y12 Z1 =0 (2)

a(a®-21) ’ b?(b% - 1) ’ c2(c?-xn

[+ A #0]
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Now the equation of the central section of the given conicoid parallel to the

tangent plane at P is

XXX Y, 4
—+—=+—=0
a? b? ¢?
and the squares of the semi-axes of this section are given by

2 2 2
X Y1 4

+ + =0, which is same as (3).
a’(@®-r?) b%(b*-r?) c?(c®-r?) ®)

Therefore the values of A are the squares of the semi-axes of this section.
Again the direction cosines I,m,n of the semi axis of length r are given by

| m n

= = , S0 that the axis is parallel to the
x /@%-r?) y I*-r?) z/(c?-r?) P

normal at P(X,, ¥;, z;) to the confocal conicoid.

It follows that the parameters of two confocals through any point P of a conicoid
are equal to the squares of the semi-axes of the central section of the conicoid which is
parallel to the tangent plane at P, and the normals at P to the confocals are parallel to

the axes of that section.

SOLVED EXAMPLE

Ex.1 Show that the product of the eccentricities of the focal conics of an ellipsoid in

unity.
Sol. Let the given ellipsoid be
2 2 2
X® y° oz
—+—+—=1a>b>¢ .. 1
Tt = ) (1)

and let it confocal conicoids be

X2 y2 Z2
2 + 2 + 2
a“—-1 b°=-1 ¢ -4

A being a parameter. Then the equation of confocal ellipse and confocal

-1 )

hyperbola of the confocal conicoides (2) are respectively:

7=0—> 4+ Y 1 3)

139



G 72

a’-b%? Db?-c?

Let e; and e, be eccentricities of the confocals (3) and (4) respectively, then

and y =0,

-1 (4)

2 2 2 2
b” —c —1-¢e? ie., e a_—b
- 1 y V1
a’ —¢? a’ —¢?
b2 —¢c? a’ —¢?
and ———=e; -1 ie, e, == 2
a’—¢ a’—

Hence the product of eccentricities

=€e1.69
_\/az—b2 \/az—cz 1
aZ_CZ ! a2_b2

CHECK YOUR PROGRESS :

Q.1 Show that two confocal paraboloids cut everywhere at right angles.

Q.2 Prove that three paraboloids confocal with a given paraboloid pass through a
given point, of which two are elliptic and one is hyperbolic.

Q.3 Prove that the locus of plane section of a confocal conicoid of the given conicoid

Is a straight line.

*khkkhkkkk
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